Modeling the Chaotic Waterwheel

Matt Gerholdt

Department of Mathematics
University of Colorado at Colorado Springs

Graduate Student Presentation, Spring 2009

Matt Gerholdt Modeling the Chaotic Waterwheel



Outline

0 Introduction
@ Chaos
@ Lorenz Equations
@ Waterwheel

9 Modeling the Waterwheel
@ Conservation of Mass
@ Torque Balance
@ Fourier Analysis
@ Equivalence

e Simulation
@ Simulation

Matt Gerholdt Modeling the Chaotic Waterwheel



| n
ntroduction Chaos

Lorenz Equations
Waterwheel

Definition

@ Chaos is aperiodic long-term behavior in a deterministic
system that exhibits sensitive dependence on initial
conditions.
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Lorenz Equations
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Conservation of Mass
Modeling the Waterwheel Torque Balance

Fourier Analysis
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6 = angle of wheel

w(t) = angular velocity of wheel
m(6, t) = mass distribution of water
Q(0) = inflow of water

r = radius of wheel

K = leakage rate

v = rotational damping rate

I = moment of inertia of the wheel



Conservation of Mass
Modeling the Waterwheel Torque Balance
Fourier Analysis

Equivalence

Change in Mass With Regard to Time

@ Water pumped in by the nozzles (Q(9))
@ Water that leaks out (Km(6, t))
@ Rotation of the wheel (w27)
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Conservation of Mass
Modeling the Waterwheel Torque Balance
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Torque Balance

@ /' = damping torque + gravitational torque
@ damping torque = —vw

@ gravitational torque = gr 02” m(0,t)siné do

2m
lw' = —vw + gr/ m(6,t)sin6 do
0

Matt Gerholdt Modeling the Chaotic Waterwheel



Conservation of Mass
Modeling the Waterwheel Torque Balance
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Fourier Analysis

Fourier Series

o9}

m(0,t) = [an(t) sin(nd) + by(t) cos(nb)]
n=0

Q) = i gncos(nb)
n=0
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Conservation of Mass
Modeling the Waterwheel Torque Balance
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Fourier Analysis m(6, t)

om om
ot~ Q- Km-wgg

% [Z an(t) sin nt + by(t) cos nal —
n=0

> " gncosnd

n=0

-K

i an(t) sin nf + bp(t) cos n@]
n=0
—wé [i an(t) sin nf + by(t) cos n&]

ot
n=0
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Conservation of Mass
Modeling the Waterwheel Torque Balance
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Fourier Analysis m(0, t)!l

an = nan - Kan
n = —nwan — Kbp + gn




Conservation of Mass
Modeling the Waterwheel Torque Balance

Fourier Analysis

Equivalence

Fourier Analysis w(t)

2m
l' = —vw + gr/ m(6,t)sin6 do
0

e}

2
I = —vw + gr/ [Z an(t) sin né + bp(t) cos n0] sind df
0

n=0
27
o' = —vw + gr/ a sin 0 do
0

lw' = —vw + mgra;
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Conservation of Mass
Modeling the Waterwheel Torque Balance

Fourier Analysis

Equivalence

Final Equations

an = nan - Kan
b;] — _n(/.)an - Kbn + qn
W' = (—vw+mgray)/l

Final equations

a; = nwby — Kay
1 = —nway; — Kby + gy
w = (—vw +rmgray)/l

~
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Conservation of Mass
Modeling the Waterwheel Torque Balance

Fourier Analysis

Equivalence

Change of Variables

@ a1 =ay
® by =pz+qi/K
Q@ w=9X
ot=Tr
day
57, = X162 +a1/K] = K[ay]
9 K
Ozt /K fixtloy] - K15z + ay /K] +
0yx

o7, = (-vDx] +angrlay])/1
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Conservation of Mass
Modeling the Waterwheel Torque Balance
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Change of Variables Il

T=1/K,v=+K. Picky=K

@ a; = [Kv/mgrly

@ by =[-Kv/ngrlz+ q1/K
o w=[K]x

o t=[1/K]r

@ o =Vv/KI

°

r =ngrqy/K?v
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Simulation S

Simulation




Summary

Summary

@ The Lorenz Waterwheel is a mechanical representation of
the Lorenz equations.
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