
Estimating Lag Parameters in

Differential-Difference Equations

Joanne S. McGarry

University of Birmingham

and

Marcus J. Chambers

University of Essex

February 2004

Abstract

This paper considers the estimation of the parameters of general systems of differential-
difference equations (DDEs) in which the lag parameters themselves can be treated as un-
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JEL No.: C22

Key words: differential-difference equations; frequency domain; cycles.

Acknowledgements: We are grateful to Gordon Kemp, Andrew Harvey and three anony-
mous referees for helpful comments. Any errors are the sole responsibility of the authors.
The first author thanks the Economic and Social Research Council for financial support
under grant number R00429434216 and the second author thanks the Leverhulme Trust for
financial support in the form of a Philip Leverhulme Prize.

Address for Correspondence: Dr. J. S. McGarry, Department of Economics, Ashley
Building, University of Birmingham, Edgbaston, Birmingham B15 2TT, England;
Tel.: (+44) (0)121 414 6652; fax: (+44) (0)121 414 7377; email: J.S.McGarry@bham.ac.uk.



1. Introduction

The continuous time econometrics literature to date is primarily concerned with the

estimation of the parameters governing stochastic differential equations. As with many

branches of econometrics, the field has grown and diversified over time, and part of this

growth and diversification can be attributed to the stimulus provided by developments in

economics and finance. A review of the development of linear continuous time systems and

their applications in economics can be found in Bergstrom (1990) while an extensive survey

of continuous time methods in finance, including the estimation of non-linear diffusions, can

be found in Sundaresan (2000).

A number of continuous time models finding recent application in economics can be

classified as being forms of differential-difference equations (DDEs). Such models relate

time derivatives of a variable to the levels and derivatives of the variable in current and

previous time periods, unlike pure differential equations in which the influence of lagged

values is neglected in continuous time. Examples of DDEs in economics include Mackey

(1989) on commodity pricing, Ioannides and Taub (1992) and Asea and Zak (1999) on time-

to-build models, and Benhabib and Rustichini (1991) and Boucekkine, Licandro and Paul

(1997) on vintage capital growth models.

One of the first appearances of a DDE in economics can be found in Kalecki (1935) in

the context of a macrodynamic theory of business cycles. Both Kalecki and James and Belz

(1936) demonstrated that a simple form of DDE, called a delay DDE, can generate an infinite

number of cycles. Kalecki’s interest concerned the cycle having the longest duration, which

he interpreted as being the business cycle. Such specifications therefore have the potential

for modelling a large array of economic data that exhibit cyclical behaviour and that may be

subject to a business cycle. An obvious application of DDEs is therefore as a representation

of cyclical behaviour in a structural time series framework, and it is envisaged that DDEs will

be most useful in this context. As is well understood, the cyclical nature of economic time

series and knowledge of cycle durations is hugely important in, for example, policymaking

and can improve forecasting ability. An appropriate model for these cycles is paramount

to estimating their durations accurately. The DDE therefore provides a valid alternative

(often with a foundation in economics) to the existing differential equation representations

of cycles as advocated by Harvey and Stock (1993).

The estimation of DDEs has only recently been given serious consideration in the econo-

metrics literature, although a significant literature exists in statistics on the related problem
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of time delay estimation.1 Chambers (1998) developed methods for estimating the parame-

ters of differential-difference equations in which the lag parameters are required to be known

integers, while Chambers and McGarry (2002) focused on a single equation DDE of delay

type within a continuous time unobserved components model. Our concern here is to de-

velop methods of estimation of the parameters of a much more general system of DDEs, in

which the lag parameters can be treated as unknown. The results governing single equation

specifications and models with fixed lag parameter values then emerge as special cases.

The paper is organised as follows. Section 2 defines the most general system of equations

with which we are concerned and relates it to special cases of interest. The model allows for

a system of equations with unknown lag parameters in which the variables may be a mixture

of stocks and flows. Section 3 derives the asymptotic properties of the frequency domain

maximum likelihood estimator of the unknown system parameters. We refer to this estimator

as being ‘infeasible’ because it relies on the computation of a doubly infinite summation

defining the spectral density of the observed discrete time series. We therefore also propose

a feasible alternative estimator which truncates the infinite series and provide conditions

on the truncation point that ensure that the desirable asymptotic properties of consistency

and asymptotic normality continue to hold. Section 4 contains the results of simulation

exercises that are designed to analyse the finite sample performance of the feasible estimator

and its ability to estimate cycle durations. Section 5 contains an empirical illustration of

the methods using a combination of two DDEs to capture cyclical effects in the logarithm

of detrended U.S. real GNP within a continuous time unobserved components model, while

Section 6 concludes. Throughout the paper, λ denotes frequency2, A∗ denotes the complex

conjugate transpose of a matrix A, and tr[A] denotes the trace of the matrix A. All proofs

of theorems can be found in the Appendix.

2. A general system of differential-difference equations

Let {y(t)}∞t=−∞ denote a real-valued stationary continuous time q-dimensional random

process generated according to the law of motion

d
[
Dn−1y(t)

]
=

n∑

l=0

sl∑

k=1

Alk(θ)D
ly(t− νlk)dt+ ζ(dt), −∞ < t <∞, (1)

where n ≥ 1 is an integer, D denotes the mean square differential operator, s0, . . . , sn are

1References to some of this alternative literature can be found in Chambers and McGarry (2002).
2This is actually the angular frequency representing the number of radians per unit of time. The number

of cycles per time unit is then given by f = λ/2π, and the period of a cycle is 1/f .

2



finite integers, and Alk(θ) (k = 1, . . . , sl; l = 0, . . . , n) are q × q matrices whose elements are

known functions of an unknown p× 1 parameter vector θ, where p ≤ (s0 + . . .+ sn)q
2. The

lag terms νlk are positive finite real numbers satisfying νl1 < νl2 < . . . < νlsl , where νl1 may

equal zero for l 6= n but νn1 is restricted to be non-zero. The term ζ(dt) is a q × 1 vector

of random measures satisfying E [ζ(dt)] = 0, E [ζ(dt)ζ(dt)′] = Ωdt and E [ζ(∆1)ζ(∆2)
′] = 0

for disjoint sets (intervals) ∆1 and ∆2 on the real line and where Ω is an unknown q × q

symmetric positive definite covariance matrix. The differential order of the system (the

highest order derivative) is equal to n, while the difference order of the system (the largest

lag) is equal to max(s0, . . . , sn).

The system, as presented in (1) in its most general form, allows simultaneously for a

multivariate random vector y, higher-order derivatives, multiple and potentially non-integer

lags in both the levels and derivatives of the vector y, as well as non-linear parameter

restrictions in the coefficient matrices. The statistical theory of estimation presented in

the next section deals with the system in such generality, although potential applications

are likely to be conducted with more restricted versions. For example, higher order (mean

square) derivatives, captured by values of n greater than one, require the process y(t) to

satisfy certain smoothness conditions which may not be appropriate in some cases.3 In

such circumstances interest would then focus on the system obtained with n = 1 in which

the increment in y(t) itself appears on the left-hand-side rather than the increment in the

derivative of y(t), resulting in

dy(t) =
s0∑

k=1

A0k(θ)y(t− ν0k)dt+
s1∑

k=1

A1k(θ)dy(t− ν1k) + ζ(dt), (2)

for some appropriately chosen s0 and s1. Imposing further restrictions yields the system

considered in Chambers (1998). This requires setting the lag parameters ν0k and ν1k to

integers, including setting ν01 = 0, resulting in

dy(t) =
r0∑

k=0

A0k(θ)y(t− k)dt+
r1∑

k=1

A1k(θ)dy(t− k) + ζ(dt), (3)

where r0 and r1 denote the maximum integer lags of y(t) and dy(t) respectively. Whilst these

restrictions enable the spectral density function of y(t) to be computed exactly, imposing such

restrictions in an a priori fashion can result in model misspecification. Allowing the lags to

be non-integers, as in (2), enables the dynamic responses to be free of the interval at which

y(t) is sampled. The ability to estimate such non-integer lags is therefore a considerable

3Financial variables, which may be subject to jumps, are a prime example of where the required smoothness
conditions of the sample paths may not be appropriate.
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advantage, and can lead to more accurate estimates of cycle durations and time-to-build

effects than might be obtained if the lags were restricted to coincide with the sampling

interval.4 Chambers and McGarry (2002), for example, use the univariate delay DDE

dy(t) = [a0y(t) + a1y(t− ν)]dt+ ζ(dt) (4)

to model the cyclical component in a continuous time unobserved components framework.

The properties of the simple DDE in (4) are well-known and provide a parsimonious represen-

tation for the modelling of cyclical behaviour, unconstrained by the restrictiveness of integer

lags. In addition to the flexibility outlined above, the statistical procedures considered here

also allow for testing whether the lags are, in fact, integer-valued.

3. Frequency domain maximum likelihood estimation

The unknown parameters in (1) are the p elements of θ, the s =
∑n

j=0 sj lag parameters

νlk (l = 0, . . . , n; k = 1, . . . , sl) contained in the s × 1 vector ν, and the q(q + 1)/2 distinct

elements of the symmetric covariance matrix Ω, which are contained in the vector ω. We

shall assume that the vectors θ, ν and ω belong to suitable parameter spaces Θ, V and W
respectively. It is convenient to combine the m = p+s+q(q+1)/2 unknown parameters into

the single m× 1 parameter vector β ≡ (θ′, ν ′, ω′)′ which belongs to the composite parameter

space B = Θ× V ×W ⊂ Rm.

For reasons that shall become apparent, we propose a frequency domain maximum

likelihood estimator of β. Central to formulating the frequency domain likelihood function

is the spectral density function of the observed discrete time process generated by (1), which

can be derived from the spectral density of the continuous time process y(t). First note that

(1) has the representation α(D)y(t)dt = ζ(dt), where

α(z) = znIq −
n∑

l=0

sl∑

k=0

Alk(θ)z
le−zνlk (5)

denotes the characteristic function of (1). Two assumptions about the characteristic function

need to be made here.

Assumption 1. The matrix α(iλ) is nonsingular for all −∞ < λ <∞.

4A referee pointed out that, in some circumstances, it may be possible to sample at a sufficiently high
frequency so as to render all lags integer-valued. However, for most applications in economics and, indeed,
finance, such flexibility in the frequency with which a process is sampled is simply not available. It also
presupposes that the true lag values are known, which is contrary to the objective of this paper, namely the
estimation of the unknown lag values.
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Assumption 2. The roots of the characteristic equation det[α(z)] = 0 have negative real

parts.

The first assumption is necessary for the inversion of the matrix and the second is a stability

condition ensuring that y(t) is stationary. Conditions on the parameters that ensure the

satisfaction of Assumption 2 are provided in Section 4 for a simple form of univariate DDE.5

Proofs of the existence and uniqueness of solutions to systems like (1) follow from Chambers

(1998), and the spectral density matrix of the continuous time process y(t) is given by

f(λ, β) =
1

2π
α(iλ)−1Ωα∗(iλ)−1, −∞ < λ <∞, (6)

which follows because the spectral density matrix of the white noise vector ζ(dt) is (1/2π)Ω

and the frequency response function of the operator D is iλ. We have emphasised the

dependence of the spectral density function on the parameter vector β for purposes of clarity.

The underlying time series is allowed to comprise both stock and flow variables, such

that y(t) = [ys(t)′, yf (t)′]′, where the vector of stock variables (ys) has dimension qs× 1 and

the vector of flows (yf ) has dimension qf × 1, and where qs+ qf = q. The observed discrete

time vector is then given by yt =
[
ys(t)′,

∫ t
t−1 y

f (r)dr′
]′

for t = 1, . . . , T , where T denotes

the sample size. The frequency response function of the time invariant linear filter which

transforms y(t) into yt, is given by the matrix

H(λ) =



Iqs 0

0 h(iλ)Iqf


 ,

where h(iλ) = (1 − e−iλ)/iλ is the filter for flows.6 The relationship between the spectral

density function of a discrete time process and that of the underlying continuous time process

is given by7

F (λ, β) =
∞∑

j=−∞
Φ(λ+ 2πj, β), −π < λ ≤ π, (7)

where

Φ(λ, β) = H(λ)f(λ, β)H∗(λ) =
1

2π
H(λ)α(iλ)−1Ωα∗(iλ)−1H∗(λ).

5We note that such conditions can be difficult to determine for more complicated systems of equations.
6This follows from the relationship yft = h(D)yf (t) and the fact that the frequency response of the operator

D is iλ. See, for example, Priestley (1981, p.175) for details.
7For a formal proof see Priestley (1981, Section 7.1.1).
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That f(λ, β) is Hermitian positive definite and integrable8 and F (λ, β) is a convergent series

can be proved in a similar fashion to the proofs given in Chambers (1998).

The aliasing phenomenon is, of course, relevant in this setting. It is impossible to

detect variation at high frequencies in the continuous time series because it appears as

variation below the Nyquist frequency π/∆t in the discrete time series, where ∆t is the

observation frequency. Using high frequency data is one solution so that the continuous time

spectral density becomes negligible outside [−π/∆t, π/∆t], but such an option is typically

not available for the majority of economic time series. For conditions on the identification

of the parameters in continuous time models the reader is referred to Hansen and Sargent

(1983) and Phillips (1973).

The difficulty for estimation arises from the computation of the discrete time spectral

density function (7). When the lags are integers it is possible to calculate (7) exactly. Cham-

bers (1998) shows how to achieve this by exploiting the periodicity of the exponential terms9

in the characteristic equation such that its determinant has q roots (which are also poles

of Φ(λ+ 2πj, β)). Using Cauchy’s residue theorem it is then possible to reduce the infinite

series given in (7) to the sum of a finite number of residues. For the system (1), however,

this procedure is not at all useful. The number of roots to the equation det[α(λ; j)] = 0 will

typically be infinite, where α(λ; j) = α(λ+ 2πj) is given by

α(λ; j) = (i(λ+ 2πj))nIq −
n∑

l=0

sl∑

k=1

Alk(θ)(i(λ+ 2πj))le−i(λ+2πj)νlk . (8)

Only if νlk were integer could the periodicity of the exponential terms be exploited to reduce

them to be of the form e−iλνlk .

One solution to the problem of computing (7), and the procedure used throughout this

paper, is to simply truncate the summation at a finite number M , i.e. to use

FM (λ, β) =
M∑

j=−M
Φ(λ+ 2πj, β). (9)

Clearly (9) is only an approximation to the true discrete time spectral density function, but

if the continuous time spectral density is sufficiently small after some finite point i.e. if
∑

j 6∈MΦ(λ+2πj, β) is negligible, whereM = {−M, . . . ,M}, then the approximation should

be sufficiently accurate. We do at least know that the continuous time spectral density matrix

8The Hermitian property is that f(λ, β) = f∗(λ, β). Integrability is important as it ensures that y(t) has
finite variance.

9The exponential term ei(λ+2πj)k = eiλk for j and k integer.
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f(λ, β) behaves like λ−2n as λ→∞. Although the choice of truncation point M may seem

somewhat arbitrary, we provide below conditions on M that ensure the consistency and

asymptotic normality of the frequency domain estimator, and the impact of different choices

of M on the small sample behaviour of the estimator is explored in simulation exercises in

Section 4.

The error arising from the use of (9) in place of (7) is given by

RM (λ, β) =
∞∑

j=M+1

[Φ(λ+ 2πj, β) + Φ(λ− 2πj, β)] . (10)

A useful property of the error, and one that will be called upon when investigating the

asymptotic properties of the estimator, is that RM (λ, β) = O(M1−2n).10 Hence for a given

truncation point, the error will decrease as the order of derivative of the model increases.

This is because the spectral density itself decreases with λ at a faster rate as n increases.

A commonly used frequency domain estimator is the minimiser of the negative of (2/T )

times the frequency domain approximation to the Gaussian log-likelihood function, given by

LT (β) =
1

T

∑

k∈KT

{
ln det [F (λk, β)] + tr

[
F (λk, β)

−1I(λk)
]}

(11)

where KT = {k : −T/2 < k ≤ [T/2]}, I(λ) = w(λ)w∗(λ) is the periodogram, w(λ) =

1√
2πT

∑T
t=1 yte

itλ is the discrete Fourier transform of yt, and λk = 2πk/T for k ∈ KT .

However, for the reasons stated earlier, it is not possible to accurately compute the spectral

density function F (λ, β). We therefore consider a feasible version of (11), replacing F (λ, β)

with FM (λ, β), resulting in

LMT (β) =
1

T

∑

k∈KT

{
ln det

[
FM (λk, β)

]
+ tr

[
FM (λk, β)

−1I(λk)
]}
. (12)

The likelihood function in (12) contains a bias term which may persist even asymptotically

if the truncation is independent of the sample size. We therefore allow M to increase with

T and prescribe appropriate rates of increase for the minimiser of (12) to be consistent and

asymptotically normally distributed. In fact, we consider the asymptotic properties of two

estimators, defined by

β̂T = argmin
β∈B

LT (β) with β̂MT = argmin
β∈B

LMT (β),

10A proof can be found in Lemma 1 in the Appendix.
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where B denotes the parameter space. We shall refer to β̂T as being an infeasible estimator

of β because the spectral density function F (λ, β) in (11) can not be computed accurately.

Conversely we shall refer to β̂MT as being a feasible estimator of β because the truncated

spectral density FM (λ, β) can be computed exactly for finite M . We shall require the

following additional assumptions in order to establish the consistency of both estimators.

Assumption 3. The elements of the matrices Alk(θ) (l = 0, . . . , n; k = 1, . . . , sl) are continu-

ous functions of θ ∈ Θ.

Assumption 4. (a) β0 ∈ B, where β0 is the true value of β and B is a compact subset of Rm.

(b) For β 6= β0, F (λ, β) 6= F (λ, β0) on a set of positive Lebesgue measure.

Assumption 5. The random measure ζ(dt) is Gaussian.

Assumption 6. M = O(T δ) for some δ > 0.

Assumption 3 is a standard continuity assumption that ensures, in particular, that the

spectral density function F (λ, β) is continuous in β ∈ B. Assumption 4(a) is also standard

in consistency proofs of optimisation estimators, while 4(b) is an identification condition.

Assumption 5 is equivalent to defining ζ(dt) as the increment of a Brownian motion process,

which is common in the continuous time literature, particularly in finance. It ensures that

the processes y(t) in continuous time and yt in discrete time are also Gaussian. Finally,

Assumption 6 requires the truncation point M to increase at an arbitrary rate with T ,

so that asymptotically the approximation error is eliminated. The consistency result is as

follows.

Theorem 1. Under Assumptions 1 to 6, β̂T
p→ β0 and β̂MT

p→ β0 as T →∞.

The proof of Theorem 1 first establishes the consistency of the infeasible estimator β̂T by

demonstrating that LT (β) converges uniformly over β ∈ B to a function L(β) which is

uniquely minimised at β = β0. The consistency of the feasible estimator β̂MT is then shown

by establishing the uniform convergence of LMT (β) to LT (β). The feasible estimator, based

on the truncated spectral density, therefore shares the consistency property of the infeasible

estimator, provided that the truncation point increases with sample size.
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In order to derive the asymptotic distributions of the two estimators, two additional

assumptions are required.

Assumption 6′. M = O(T δ) for some δ > 1/(4n− 2).

Assumption 7. The elements of the matrices Alk(θ) (l = 0, . . . , n; k = 1, . . . , sl) are twice

continuously differentiable functions of θ ∈ Θ.

Assumption 6′ represents a strengthening of Assumption 6 and is required for the asymptotic

distribution theory. Note that δ is a decreasing function of the differential order n, so that

in models with higher-order derivatives, a slower rate of increase of M with T will suffice.

The intuition behind this is fairly simple since we know that the error of truncation (RM )

is inversely related to the order of derivative (n) and therefore as the order of derivative

increases, the same magnitude for RM can be obtained with a smaller truncation point. In

models containing just a first derivative the condition reduces to δ > 0.5 as in Chambers

and McGarry (2002). Assumption 7, meanwhile, is common in the asymptotic analysis

of optimisation estimators and ensures that the objective functions (11) and (12) can be

differentiated to second order.

Theorem 2. Under Assumptions 1–5, 6′ and 7,
√
T (β̂T − β0)

d→ N(0, 2S(β0)
−1) and

√
T (β̂MT − β0)

d→ N(0, 2S(β0)
−1) as T →∞, where the (i, j) element of S(β0) is given by

Sij(β0) =
1

2π

∫ π

−π
tr

{
F (λ, β0)

−1∂F (λ, β0)

∂βi
F (λ, β0)

−1∂F (λ, β0)

∂βj

}
dλ (13)

for i, j = 1, . . . ,m, and ∂F (λ, β0)/∂βi denotes the matrix ∂F (λ, β)/∂βi evaluated at β = β0.

Both estimators share the same normal limiting distribution, provided the truncation point

for the infeasible estimator increases at the appropriate rate with sample size, as required

in Assumption 6′. The proof of Theorem 2 relies on standard arguments for the infeasible

estimator θ̂T , based on a mean value expansion of the score vector, while the result for θ̂MT is

obtained by establishing that
√
T (β̂T − β̂MT ) = op(1) as T →∞. It is worth noting that the

elements of the matrix S(β0) can be consistently estimated using Ŝ(β̂T ) and Ŝ(β̂
M
T ), where

the (i, j) element of the latter is defined by the computationally more convenient expression

Ŝij(β̂
M
T ) =

1

T

∑

k∈KT
F (λk, β̂

M
T )−1∂F (λk, β̂

M
T )

∂βi
F (λk, β̂

M
T )−1∂F (λk, β̂

M
T )

∂βj
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where ∂F (λ, β̂MT )/∂βi denotes the matrix ∂F (λ, β)/∂βi evaluated at β = β̂MT . The matrix

Ŝ(β̂T ) is obtained in the same way with β̂MT replaced by β̂T .

To summarise, the feasible frequency domain maximum likelihood estimator, based on

the truncated spectral density, shares the same desirable asymptotic properties as the in-

feasible estimator, based on the exact spectral density, provided the truncation parameter

increases at an appropriate rate with the sample size (which is given by Assumption 6 for

consistency, and Assumption 6′ for asymptotic normality). It is therefore possible to obtain

consistent and asymptotically normal estimates of the lag parameters themselves as well as

the other parameters in the DDE system. We now investigate the finite sample performance

of the feasible estimator via the use of appropriately designed simulations.

4. A simulation exercise

In this section we explore the finite sample properties of the feasible frequency domain

maximum likelihood estimator of the parameters of the univariate delay DDE of the form

dy(t) = [a0y(t) + a1y(t− ν)]dt+ ζ(dt), (14)

where ν ∈ R+ and ζ(dt) is white noise with variance ω2dt.11 The parameter combinations

used to generate the data will be chosen so that the characteristic function of (14), given

by α(z) = z − a0 − a1e
−νz, has roots that have negative real parts, thereby ensuring that

the data generated are stationary. Hayes (1950) and Bellman and Cooke (1963) provide

appropriate conditions that the parameters must satisfy when ν = 1. A generalised version

of Hayes’ result is given below in which ν can take on any positive real value.

Theorem 3. All roots of the equation a0e
νz + a1− zeνz = 0, where a0 and a1 are real, have

negative real parts if and only if (i) a0 < 1/ν, and (ii) a0 < −a1 <
√
a2

0 + x2
1, where x1 is

the root of the equation x = a0 tan(νx) such that 0 < x1 < π/ν.

The parameter combinations are also chosen to generate data that exhibit cycles. An

important result provided by James and Belz (1936) is that these equations will generate an

infinite number of cycles regardless of the parameter values and that at most one will be a

major cycle with duration greater than twice the lag value. It was this cycle that Kalecki

11This is a stochastic version of the model derived in Kalecki (1935) and is that specified in Chambers and
McGarry (2002).
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(1935) referred to as the business cycle. The parameter condition that must hold for (14) to

generate a business cycle is that ea0ν−1 < | − a1ν|. The duration of this cycle, denoted dc,

is equal to 2πν/u1, where 0 < u1 < π is the smallest positive root of the equation

u cot(u) + ln

∣∣∣∣
sin(u)

u

∣∣∣∣ = a0ν − ln | − a1ν|. (15)

The proof of this result can be found in Proposition 2 in Chambers and McGarry (2002).

The other roots to this equation, of which there are infinitely many, represent other minor

cycles of shorter length, the majority of which will be of less economic importance.

The simulation exercise has three main objectives. The first is to examine the effects

of the truncation parameter M on the performance of the estimator β̂MT , with a view to

obtaining some guidance as to how to choose M in practice. Assumption 6′ shows that M

needs to be O(T δ) for some δ > 1/(4n− 2), which for (14) requires δ > 0.5. We consider a

truncation point of the form M = [γT δ] + 1(γT δ /∈ N ), where [x] denotes the integer part of

x, 1(x) denotes the indicator function and N is the set of positive integers. We consider the

six combinations of γ ∈ {1, 10} and δ ∈ {0.50, 0.75, 1.00}, and measure the performance of

the estimator by the simulated value of E‖β̂MT −β0‖2 where β0 denotes the true value of the

vector β = (a0, a1, ν)
′ and ‖ · ‖ denotes the Euclidean norm.12 We shall refer to the quantity

E‖β̂MT − β0‖2 as the mean squared error (MSE) of the vector β̂MT .

Our second objective, given a suitable choice of M , is to assess how accurately the cycle

length dc can be estimated, based on the estimate of the parameter vector β. In view of dc

depending on β in a highly nonlinear fashion, it is of interest to see how well the derived

estimator of this important quantity performs. Finally, we consider the performance of the

estimator under two different sampling schemes, namely for stocks and for flows. Given that

the spectral density decays faster (with frequency) for a discretely observed flow variable

than for a stock, it might be the case that smaller values of M can be used in the case of a

flow variable.

The simulations consider three different cycle durations of 5, 10 and 15 periods. The

parameter vectors that correspond to these cycle lengths are given by (−0.5,−1.1515, 1.5)′,
(−0.5,−0.6670, 3.5)′ and (−0.25,−0.2638, 4.5)′, respectively. The variance parameter ω2 is

set equal to unity throughout. For the purposes of computing the periodogram, the fast

Fourier transform was used. Computing time for this procedure is considerably reduced if

the sample size is highly composite, particularly if T = 2t for integer t. For this reason

12Note that we have excluded the variance parameter ω2 from β, the estimations treating the variance as
known.
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samples of size T = 64, 128 and 256 were chosen. Details on generating data from a DDE

can be found in Chambers and McGarry (2002).

The spectral density function for the continuous time process y(t) from (14) is given by

f(λ, β) =
σ2

2π
|α(iλ)|−2 =

σ2

2π
[λ2 + a2

0 + a2
1 + 2a1(a0 cos νλ+ λ sin νλ)]−1

for −∞ < λ < ∞. That for the observed process depends upon the way in which it is

sampled. Using (7), the spectral densities for the sampled processes are:

Stocks : F (λ, β) =
σ2

2π

∞∑

j=−∞
|α(i(λ+ 2πj))|−2;

Flows : F (λ, β) =
σ2

2π

∞∑

j=−∞

4 sin2(λ/2)

(λ+ 2πj)2
|α(i(λ+ 2πj))|−2 ;

where −π < λ ≤ π. Of course, for estimation purposes the summations in the spectral

densities above are truncated at the point M .

Table 1 provides the ratios of the parameter vector MSEs to the MSE obtained with

γ = 1 and δ = 0.75. This latter choice seems to work well across all cases considered, except

for the case of a stock variable when the cycle length is 10 and T = 64. In this case a larger

value of M would seem to be desirable, although the benefits evaporate for larger sample

sizes. Apart from this anomaly, it can be seen that the MSE ratios hover around unity, and

there is certainly little variation in these ratios for a flow variable. This is presumably a

consequence of the rapid decay in the spectrum of a flow variable, and confirms that the

choice of M is less important here than it is for a stock variable.

Table 2 contains the mean bias and MSE for the individual components of β for the

case where γ = 1 and δ = 0.75. The estimator appears to perform well for all parameters

regardless of the underlying cycle length, with the bias and MSE typically falling with sample

size. The relatively large MSEs are apparent for the stock variable in the case when dc = 10

and T = 64, but as illustrated in Table 1, this particular case could be improved upon with

the choice of a larger M . Given that estimation of the cycle length is also likely to be an

important objective in applications of DDEs to economic data, Table 3 reports mean biases

and MSEs for the estimates of dc derived from the estimated parameters of the DDE. The

mean biases are remarkably small compared to the cycle length itself, even when dc = 15

and the sample size is just 64, although the corresponding MSE is quite large suggesting a

certain amount of variation in the estimate. This feature is not surprising, however, in view

of the cycle length being large relative to the sample size, and hence only a small number of

12



cycles (four) are completed within the sample. The mean bias and MSE both appear to fall

with sample size T and to rise with cycle length dc, as is to be expected.

5. An empirical illustration

The empirical illustration aims to demonstrate the use of DDEs in modelling the cyclical

component in a structural time series model. The data consist of 74 annual observations on

U.S. real gross national product (GNP) covering the period 1929 to 2002, the logarithms of

which have been detrended by least squares regression on a constant and a time trend. The

periodogram of the first-differenced detrended data shows two clear peaks, one coinciding

with the frequencies 2πj/74 for j = 3, 4, 5, the other at the frequency 2πj/74 for j = 10. In

terms of cycle lengths, the lower frequencies correspond to cycles ranging between 15 and

24 years while the larger one corresponds to a cycle length of 7.4 years. In view of these two

dominant cycles we choose to model each with a separate DDE. The underlying continuous

time process ln y(t) is therefore modelled as the sum of three unobserved components, and

has the representation

ln y(t) = µ(t) + φ1(t) + φ2(t), (16)

where µ(t) denotes the stochastic trend term satisfying dµ(t) = η(dt), while φ1(t) and φ2(t)

denote the cyclical components which satisfy

dφj(t) = [a0jφj(t) + a1jφj(t− νj)] dt+ ζj(dt), j = 1, 2, (17)

where η(dt), ζ1(dt) and ζ2(dt) are pairwise uncorrelated random measures with variances

σ2
ηdt, σ

2
1dt and σ2

2dt respectively. Unobserved components models using DDEs to capture

cycles were proposed by Chambers and McGarry (2002) which contains full details of the

relevant procedures. The novel feature here, however, is the use of a pair of DDEs to model

two separate cyclical components.

The raw data we observe correspond to the integrals of y(t), given by Yt =
∫ t
t−1 y(r)dr,

in view of GNP being a flow variable. Ideally, because the model is specified in terms of

logarithms, we would wish to observe the integrals of the logarithms themselves, but we shall

proceed on the assumption that the logarithm of the observed integrals provides an accurate
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approximation.13 Taking yt = lnYt, we are therefore assuming that

yt = ln

∫ t

t−1
y(r)dr ≈

∫ t

t−1
ln y(r)dr.

The discrete time observations y1, . . . , y74 satisfy yt = µt+φ1t+φ2t, where µt =
∫ t
t−1 µ(r)dr

and φjt =
∫ t
t−1 φj(r)dr (j = 1, 2).14 In view of the stochastic trend component, the estima-

tions are carried out using the periodogram of the first-difference of yt, denoted ∆yt. The

corresponding theoretical spectral density function, used in the likelihood function, is simply

|1 − e−iλ|2 times the sum of the spectral densities of µt, φ1t and φ2t because |1 − e−iλ|2 is

the frequency response function of the first-differencing filter ∆ and the direct summation

is applicable because the individual components are uncorrelated. Full details can be found

in Chambers and McGarry (2002).

The empirical results are obtained using the truncation point recommended as a result

of the simulations, namely M = [T δ]+ 1(T δ /∈ N ) with δ = 0.75, yielding a truncation point

of M = 25. The unknown parameter vector is defined by

β = (a01, a11, ν1, σ
2
1, a02, a12, ν2, σ

2
2, σ

2
η)

′

and therefore contains nine elements. The frequency domain maximum likelihood estimates

of β are reported in Table 4, along with the estimated cycle lengths of the components φ1

and φ2 derived from β; these are denoted d1 and d2 respectively.

The estimated parameter values for the cyclical component φ2 satisfy the conditions for

stationarity in Theorem 3 although the same cannot be said for φ1. The parameters in φ1

are, however, estimated with relatively large standard errors, and it only requires a01 to

fall in value from 0.3499 (the estimate) to 0.3322 to satisfy the conditions in Theorem 3,

a fall representing just 3% of the standard error. The parameters governing φ2 are better

determined, and the resulting estimated cycle length has a relatively smaller standard error

than that for φ1. The estimated cycle lengths, of 7.6 years and 22.4 years, correspond

closely to the peaks in the periodogram. This is clearly apparent in Figure 1, in which

the periodogram is plotted along with the value of the estimated spectral density at the

fundamental frequencies. Figure 1 suggests that the model provides a good fit to the data.

13This approximation is not without precedent in the empirical continuous time literature. See, for example,
Bergstrom, Nowman and Wymer (1992) and McCrorie and Chambers (2003).

14It is possible to include a white noise irregular component in the discrete time representation which may
arise due to potential measurement error or as the discrete time realisation of a genuine additional random
component in the continuous time generating mechanism (16). It turns out, however, that the estimate of
the variance of the irregular component is zero and so the irregular component is ignored in our presentation.
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Indeed, the fit becomes noticeably worse when the cyclical component φ1 is omitted from

the model.

The cycle length estimates determined from the second cyclical component, φ2, compare

favourably with the values obtained in other studies using U.S. real GNP. Harvey (1989,

pp.92–93), using data covering the period 1909–1947, estimated a cycle length of 7 years

from a discrete time trend plus cycle model, while a cyclical trend model yielded a cycle

length estimate of 8.7 years with a 95% confidence interval of 6.0 to 15.7 years. Harvey

and Jaeger (1993, Table I) estimated a cycle length of 22.2 quarters, also with a trend plus

cycle model, but with quarterly data spanning 1954 to 1989. A 95% confidence interval for

the cycle length from φ2 is 6.27 to 8.95 years which incorporates Harvey’s estimate but is

slightly larger than that of Harvey and Jaeger. The other cyclical component, φ1, yields a

cycle length estimate whose 95% confidence interval is not particularly informative, covering

the range 0.44 to 44.34 years. However, as mentioned above, its presence is required to

capture the clear peak in the spectrum at the associated frequency, and omitting it from the

model produces a much poorer fit.

6. Concluding comments

The ability to treat lag terms as free and estimable parameters in systems of DDEs

has two main advantages. Firstly it ensures that DDEs have an expanded role to play in

the continuous time econometrics literature, particularly when compared to the techniques

developed by Chambers (1998) which are applicable only for systems with fixed integer lags

whose values are assumed to be known a priori. Secondly DDEs provide a method for

modelling cycles in an unobserved components framework in continuous time and provide

an alternative to the representation advocated by Harvey and Stock (1993).

The main technical results of this paper concern the derivation of the asymptotic prop-

erties of the (infeasible) frequency domain maximum likelihood estimator and its feasible

counterpart based on an approximation to the discrete time spectral density function. In

both cases consistency and asymptotic normality are established and conditions are pro-

vided which the truncation parameter associated with the feasible estimator must satisfy.

The small sample properties of the feasible estimator are examined in a simulation exercise

which also concentrates on the ability of the DDE to estimate cycle lengths. A useful result

from the simulation exercise, which should serve as an aid for practitioners, is that there

is little to be gained by having a large truncation point for the calculation of the discrete
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time spectral density function, so long as it is does not breach the lower bound that ensures

asymptotic normality. The ability to accurately determine cycle lengths from the estimated

DDE is also noteworthy and is encouraging for future empirical applications. An empirical

illustration using U.S. real GNP demonstrates the use of DDEs to model cycles in a con-

tinuous time unobserved components framework. A pair of DDEs is used to capture two

distinct peaks in the periodogram of the detrended series associated with cycle lengths of

approximately 7.5 and 22 years. Although intended to be purely illustrative, this limited

empirical application can hopefully serve as a basis for more intensive and detailed empirical

analyses in the future. One avenue potentially worth exploring is the development of cyclical

trend models in continuous time, based around a DDE. This is one of a number of topics

under consideration by the authors.
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Appendix

Lemma 1. Let RM (λ, β) denote the error from truncating the spectral density after M

terms, as defined in (10). Then RM (λ, β) = O(M1−2n).

Proof. Recall, from (10), that

RM (λ, β) =
∞∑

j=M+1

[Φ(λ+ 2πj, β) + Φ(λ− 2πj, β)] ,

where Φ(λ, β) = H(λ)f(λ, β)H∗(λ). The elements of Φ(λ ± 2πj, β) can be shown to be

O(j−2n) as j →∞ by noting that f(λ±2πj, β) = O(j−2n) and h(λ±2πj) = (1−eiλ)/[i(λ±
2πj)] = O(j−1). Hence, for k, l = 1, . . . , q,

∣∣∣∣∣∣

∞∑

j=M+1

Φkl(λ+ 2πj, β)

∣∣∣∣∣∣
≤

∞∑

j=M+1

|Φkl(λ+ 2πj, β)| ≤ K
∞∑

j=M+1

j−2n,

where K is a generic constant. Now consider

∫ ∞

M+1
j−2ndj =

1

1− 2n

[
j1−2n

]∞
M+1

=
−(M + 1)1−2n

1− 2n
= O(M1−2n)

since 1− 2n < 0 and note that limM→∞∆M = 0 where ∆M =
∑∞

j=M+1 j
−2n− ∫∞M+1 j

−2ndj.

Hence

∞∑

j=M+1

j−2n = ∆M +

∫ ∞

M+1
j−2ndj = o(1) +O(M1−2n) = O(M1−2n),

which provides the result as required. 2

Proof of Theorem 1. The consistency of β̂T is established first by demonstrating that

supβ∈B |LT (β)− L(β)|
p→ 0 and that L(β) is uniquely minimised at β = β0, where

L(β) =
1

2π

∫ π

−π

{
ln det[F (λ, β)] + tr

[
F (λ, β)−1F (λ, β0)

]}
dλ.

From the definition of LT (β) we have supβ∈B |LT (β)− L(β)| ≤ Λ1T + Λ2T , where

Λ1T = sup
β∈B

∣∣∣∣∣∣
1

T

∑

k∈KT
ln det[F (λk, β)]−

1

2π

∫ π

−π
ln det[F (λ, β)]dλ

∣∣∣∣∣∣
→ 0

by the uniform convergence of the Riemann sums and the continuity of F (λ, β) under As-

sumptions 1-3, and

Λ2T = sup
β∈B

∣∣∣∣∣∣
1

T

∑

k∈KT
tr
[
F (λk, β)

−1I(λk)
]
− 1

2π

∫ π

−π
tr
[
F (λ, β)−1F (λ, β0)

]
dλ

∣∣∣∣∣∣
p→ 0
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by Theorem 1 of Robinson (1976), which requires that

1

T

T−k∑

t=1

yty
′
t+k

a.s.→ E(y0y
′
k) =

∫ π

−π
eikλF (λ, β0)dλ.

This follows from Theorem 2 of Hannan (1970, p.203) because yt is a stationary Gaussian

process with continuous spectral distribution function under Assumptions 1-3 and 5. Hence

LT (β) converges to L(β), uniformly in β ∈ B, as T → ∞. To show that L(β) is uniquely

minimised at β = β0, note that

∂L(β)

∂βi
=

1

2π

∫ π

−π
tr

{
F (λ, β)−1∂F (λ, β)

∂βi
− F (λ, β)−1∂F (λ, β)

∂βi
F (λ, β)−1F (λ, β0)

}
dλ

=
1

2π

∫ π

−π
tr

{
F (λ, β)−1∂F (λ, β)

∂βi

[
I − F (λ, β)−1F (λ, β0)

]}
dλ,

which, setting equal to zero for i = 1, . . . ,m, implies that L(β) is uniquely minimised at

β = β0 under Assumption 4(b) and, hence, that β̂T
p→ β0.

To establish the consistency of β̂MT , note that

sup
β∈B

∣∣∣LMT (β)− L(β)
∣∣∣ ≤ sup

β∈B

∣∣∣LMT (β)− LT (β)
∣∣∣+ sup

β∈B
|LT (β)− L(β)| .

We have shown already that the second term converges to 0 in probability, so we consider
∣∣∣LMT (β)− LT (β)

∣∣∣ ≤ B1T (β) +B2T (β), where

B1T (β) =

∣∣∣∣∣∣
1

T

∑

k∈KT

{
ln det

[
FM (λk, β)

]
− ln det[F (λk, β)]

}
∣∣∣∣∣∣

B2T (β) =

∣∣∣∣∣∣
1

T

∑

k∈KT
tr
{[
FM (λk, β)

−1 − F (λk, β)−1
]
I(λk)

}
∣∣∣∣∣∣
.

Fundamental to much that follows is the relationship

FM (λ, β) = F (λ, β)−RM (λ, β) = F (λ, β)
[
I − F (λ, β)−1RM (λ, β)

]
.

Considering B1T (β) first, the above decomposition implies that

ln det
[
FM (λk, β)

]
− ln det [F (λk, β)] = ln det

[
AM (λk, β)

]
,

where AM (λ, β) = I − F (λ, β)−1RM (λ, β). The diagonal elements of AM (λk, β) are of the

form 1+O(M1−2n) while the off-diagonal elements are O(M 1−2n), both uniformly in β ∈ B.
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Hence as T →∞,

sup
β∈B

B1T (β) = sup
β∈B

∣∣∣∣∣∣
1

T

∑

k∈Kt
ln det

[
AM (λk, β)

]
∣∣∣∣∣∣
→ 0.

To deal with B2T (β), define D
M (λ, β) = FM (λ, β)−1−F (λ, β)−1 = AM (λ, β)−1F (λ, β)−1−

F (λ, β)−1. Let {µi}qi=1 denote the eigenvalues of F (λ, β)−1RM (λ, β), suppressing their de-

pendence on M and β for notational convenience. From Theorem 3.7 of Marcus and Minc

(1965), |µi| ≤ qmaxi,j |φij |, where φij denotes the (i, j) element of F (λ, β)−1RM (λ, β). Hence

|µi| = O(M1−2n) uniformly in β ∈ B and so, for large enough M , |µi| < 1(i = 1, . . . , q).

Hence AM (λ, β)−1 can be written as a geometric progression of the form

AM (λ, β)−1 = I +
∞∑

l=1

[
F (λ, β)−1RM (λ, β)

]l
= I +GM (λ, β),

where GM (λ, β) = O(M1−2n), uniformly in β ∈ B. Hence

DM (λ, β) =
[
I +GM (λ, β)

]
F (λ, β)−1 − F (λ, β)−1 = GM (λ, β)F (λ, β)−1 = O(M1−2n),

uniformly in β ∈ B and so

sup
β∈B

B2T (β) ≤ 1

T

∑

k∈KT
sup
β∈B

∥∥∥DM (λk, β)
∥∥∥ ‖I(λk)‖

≤ KM1−2n 1

T

∑

k∈KT
‖I(λk)‖ = Op(M

1−2n),

where K is a constant and since T−1∑
k ‖I(λk)‖ = Op(1). Under Assumption 6, the

above expression is Op(T
δ(1−2n)) = op(1). Hence supβ∈B |LMT (β) − LT (β)| = op(1) and

so supβ∈B |LMT (β)− L(β)| = op(1), thereby implying that β̂MT
p→ β0. 2

Proof of Theorem 2. Expanding the score vector sT (β̂T ) around β0 gives

sT (β̂T ) = sT (β0) + ST (β̄)(β̂T − β0),

where ST (β̄) denotes the Hessian matrix whose i’th row is equal to the i’th row of the matrix

∂sT (β)/∂β
′ = ∂2LT (β)/∂β∂β

′ evaluated at β = β̄i, where β̄i = αiβ̂T + (1 − αi)β0 for some

0 < αi < 1 (i = 1, . . . ,m), and β̄ = [β̄1, . . . , β̄m]. Hence, since sT (β̂T ) = 0,

√
T (β̂T − β0) = −ST (β̄)−1

[√
TsT (β0)

]
.
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We shall demonstrate that, as T → ∞, (a)
√
TsT (β0)

d→ N(0, 2S(β0)), and (b) ST (β̄)
p→

S(β0), from which the assertion in the Theorem concerning β̂T follows.

(a) From the definition of the likelihood, we obtain, for i = 1, . . . ,m,

sT,i(β) =
1

T

∑

k∈KT

[
∂ ln det[Fk(β)]

∂βi
+
∂tr [Fk(β)

−1Ik]

∂βi

]

=
1

T

∑

k∈KT

{
tr

[
Fk(β)

−1∂Fk(β)

∂βi

]
− tr

[
Fk(β)

−1∂Fk(β)

∂βi
Fk(β)

−1Ik

]}
(A1)

=
1

T

∑

k∈KT
tr {Gk,i(β)[Fk(β)− Ik]}

where Gk,i(β) = Fk(β)
−1[∂Fk(β)/∂βi]Fk(β)

−1, Fk(β) = F (λk, β) and Ik = I(λk) for nota-

tional convenience. From the proofs of Theorem 2.1 and Corollary 2.2 in Dunsmuir (1979),

the central limit theorem for
√
TsT (β0) reduces, for large enough T , to that of certain linear

combinations of sample autocovariances with weights given by the elements of Gk,i(β0).
15

The asymptotic normality therefore rests on the asymptotic normality of the elements crs(j)

(r, s = 1, . . . , q) of the matrix

C(j) = T−1/2
T∑

t=1

[
yty

′
t+j − E(yty

′
t+j)

]
.

Now, from Hannan (1976), any finite set of the crs(j) is asymptotically jointly normal,

provided that (i) the diagonal elements of F (λ, β) are square integrable, (ii) the yt are

ergodic with square summable matrix norms in their Wold representation, and (iii) the

first four conditional moments of the innovations in the Wold representation are constant.

Condition (i) is clearly satisfied under Assumptions 1–3, so we need to demonstrate (ii)

and (iii). Since F (λ, β) is continuous in both arguments and positive definite, and yt is

a stationary Gaussian sequence, Theorem 17.3.3 of Ibramigov and Linnik (1971) implies

that yt is strong mixing. It is therefore, from Hannan (1970, p.202), also ergodic and has

representation yt =
∑∞

j=0Cjεt−j with
∑∞

j=0 ‖Cj‖2 < ∞ and where the εt are iid. Hence

condition (ii) is satisfied, and (iii) follows from the Wold representation and Assumption 5.

The results of Dunsmuir can therefore be applied, yielding
√
TsT (β0)

d→ N(0, 2S(β0)).

(b) Differentiating (A1) with respect to βj and evaluating at β = β̄i yields:

ST,ij(β̄i) = − 1

T

∑

k∈KT
tr

{
Fk(β̄i)

−1∂Fk(β̄i)

∂βj
Fk(β̄i)

−1∂Fk(β̄i)

∂βi

}

15See, for example, equation (2.8) of Dunsmuir (1979).
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+
1

T

∑

k∈KT
tr

{
Fk(β̄i)

−1∂
2Fk(β̄i)

∂βi∂βj

}

+
1

T

∑

k∈KT
tr

{
Fk(β̄i)

−1∂Fk(β̄i)

∂βj
Fk(β̄i)

−1∂Fk(β̄i)

∂βi
Fk(β̄i)

−1Ik

}

+
1

T

∑

k∈KT
tr

{
Fk(β̄i)

−1∂Fk(β̄i)

∂βi
Fk(β̄i)

−1∂Fk(β̄i)

∂βj
Fk(β̄i)

−1Ik

}

− 1

T

∑

k∈KT
tr

{
Fk(β̄i)

−1∂
2Fk(β̄i)

∂βi∂βj
Fk(β̄i)

−1Ik

}
,

where, for example, ∂Fk(β̄i)/∂βi denotes the matrix ∂Fk(β)/∂βi evaluated at β = β̄i. By

the continuity of the functions involved, and because ‖β̄i − β0‖ ≤ ‖β̂T − β0‖, the Riemann

sums in the first two terms converge to

1

2π

∫ π

−π
tr

{
F (λ, β0)

−1∂
2F (λ, β0)

∂βi∂βj
− F (λ, β0)

−1∂F (λ, β0)

∂βj
F (λ, β0)

−1∂F (λ, β0)

∂βi

}
dλ,

where the derivative matrices are evaluated at β0 in an obvious notation. From Theorem 1

of Robinson (1976), the final three terms converge in probability to

1

2π

∫ π

−π
tr

{
F (λ, β0)

−1∂F (λ, β0)

∂βj
F (λ, β0)

−1∂F (λ, β0)

∂βi
− F (λ, β0)

−1∂
2F (λ, β0)

∂βi∂βj

}
dλ

+
1

2π

∫ π

−π
tr

{
F (λ, β0)

−1∂F (λ, β0)

∂βi
F (λ, β0)

−1∂F (λ, β0)

∂βj

}
dλ.

Combining these limits we find that ST,ij(β̄i)
p→ Sij(β0) with Sij(β0) given by the final term

above, and hence (b) is proved. The claim in the Theorem concerning the distribution of β̂T

then follows by combining the results of (a) and (b).

To establish that
√
T (β̂MT − β0)

d→ N(0, 2S(β0)
−1) as well, it is sufficient to establish

that
√
T (β̂T − β̂MT ) = op(1). From the mean value expansion of the score vector of β̂MT , it

can be shown that

√
T (β̂MT − β0) = −SMT (β̃)−1

√
TsMT (β0), (A2)

where SMT (β̃) denotes the Hessian matrix whose i’th row is equal to the i’th row of the

matrix ∂sMT (β)/∂β′ = ∂2LMT (β)/∂β∂β′ evaluated at β = β̃i where β̃i = αiβ̂
M
T + (1 − αi)β0

for some 0 < αi < 1 for i = 1, . . . ,m and β̃ =
[
β̃1, . . . , β̃m

]
. It can be shown therefore that

√
T (β̂T − β̂MT ) = SMT (β̃)−1

√
TsMT (β0)− ST (β̄)−1

√
TsT (β0)

=
[
SMT (β̃)−1 − ST (β̄)−1

]√
TsMT (β0)

+ST (β̄)
−1
√
T
[
sMT (β0)− sT (β0)

]
.
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We have already established that ST (β̄)
−1 = Op(1) and that

√
TsT (β0) = Op(1). To show

that
√
T (β̂T − β̂MT ) = op(1), it is sufficient to show that (i)

√
T [sMT (β0) − sT (β0)] = op(1),

and (ii) SMT (β̃)−1 − ST (β̄)−1 = op(1). Looking at each of these in turn:

(i) The score vector for β̂MT is given by

sMT,i(β) =
1

T

∑

k∈KT



∂ ln det

[
FM
k (β)

]

∂βi
+
∂tr

[
FM
k (β)−1Ik

]

∂βi


 , (i = 1, . . . ,m),

where FM
k (β) = FM (λk, β) for notational economy. We know that ln det

[
FM
k (β)

]
=

ln det [Fk(β)] + γM1k where γM1k = AM (λk, β) = O(M1−2n). Hence

∂ ln det
[
FM
k (β)

]

∂βi
=
∂ ln det [Fk(β)]

∂βi
+ γM2k (A3)

where γM2k = O(M1−2n). Note that the term tr
[(
FM
k (β)−1 − Fk(β)−1

)
Ik
]
can be written

in the form tr [D(λk, β)Ik] = Op(M
1−2n). Therefore tr

[
FM
k (β)−1Ik

]
= tr

[
Fk(β)

−1Ik
]
+ γM3k

where γM3k = Op(M
1−2n), and so

∂tr
[
FM
k (β)−1Ik

]

∂βi
=
∂tr

[
Fk(β)

−1Ik
]

∂βi
+ γM4k (A4)

where γM4k = Op(M
1−2n). Using (A3) and (A4) yields

√
TsMT (β) =

1√
T

∑

k∈KT

[
∂ ln det [Fk(β)]

∂βi
+
∂tr

[
Fk(β)

−1Ik
]

∂βi
+ γM2k + γM4k

]

implying that
√
TsMT (β) =

√
TsT (β) +

√
TOp(M

1−2n). This gives the required result that
√
T (sMT (β0) − sT (β0)) =

√
TOp(M

1−2n) = Op(T
1
2
+δ(1−2n)) = op(1) for δ > 1

4n−2 . This

justifies the condition on δ that was given in Assumption 6′ in Section 3.

(ii) Differentiating equation (A3) again with respect to βj yields

∂2 ln det
[
FM
k (β)

]

∂βi∂βj
=
∂2 ln det [Fk(β)]

∂βi∂βj
+ ψM1k

where ψM1k = O(M1−2n). Differentiating equation (A4) again with respect to βj yields

∂2tr
[
FM
k (β)−1Ik

]

∂βi∂βj
=
∂2tr

[
Fk(β)

−1Ik
]

∂βi∂βj
+ ψM2k

where ψM2k = Op(M
1−2n). Therefore

SMT,ij(β) =
1

T

∑

k∈KT

[
∂2 ln det [Fk(β)]

∂βi∂βj
+
∂2tr

[
Fk(β)

−1Ik
]

∂βi∂βj
+ ψM1k + ψM2k

]
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and so SMT,ij(β) − ST,ij(β) = Op(M
1−2n) = Op(T

δ(1−2n)) = op(1). Slutsky’s Theorem and

the consistency of β̂T and β̂MT then imply that SMT,ij(β̃)
−1 − ST,ij(β̄)−1 = op(1). 2

Proof of Theorem 3. Hayes (1950) shows that the function

pew + q − wew = 0 (A5)

has roots with negative real parts if (i) p < 1, and (ii) p < −q <
√
p2 + x2

1, where x1 is the

root of x = p tan(x) such that 0 < x1 < π. The function in Theorem 3, a0e
νz + a1 − zeνz,

can be written in the form of (A5) by replacing νz with w, and letting p = a0ν and q = a1ν.

The conditions in Theorem 3 then follow. 2
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Table 1.

Ratios of parameter vector mean squared errors to value

obtained with γ = 1, δ = 0.75

Stock variable Flow variable

δ δ

dc T γ 0.50 0.75 1.00 0.50 0.75 1.00

5 64 1 0.99 1.00 1.04 1.00 1.00 1.01
10 1.06 1.02 1.03 1.02 1.01 1.01

128 1 0.99 1.00 0.99 1.00 1.00 1.00
10 0.99 1.01 1.00 1.00 1.00 1.00

256 1 1.01 1.00 1.01 1.00 1.00 1.00
10 1.01 1.01 1.01 1.00 1.00 1.00

10 64 1 1.36 1.00 0.43 1.00 1.00 1.00
10 0.42 0.42 0.42 1.00 1.00 1.00

128 1 1.00 1.00 1.00 1.00 1.00 1.00
10 1.00 1.00 1.00 1.00 1.00 1.00

256 1 1.00 1.00 1.00 1.00 1.00 1.00
10 1.00 1.00 1.00 1.00 1.00 1.00

15 64 1 0.98 1.00 1.03 1.00 1.00 1.00
10 1.02 1.02 1.02 1.00 1.00 1.00

128 1 0.99 1.00 1.00 1.00 1.00 1.00
10 1.00 1.01 1.00 1.00 1.00 1.00

256 1 1.03 1.00 1.01 1.00 1.00 1.00
10 1.02 1.01 1.01 1.00 1.00 1.00
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Table 2.

Simulated bias and mean squared error for γ = 1, δ = 0.75

Stock variable Flow variable

dc T a0 a1 ν a0 a1 ν

5 64 −0.0165 −0.0449 −0.0214 −0.1238 −0.0568 0.0311
(0.2763) (0.0461) (0.0876) (0.2988) (0.0415) (0.0845)

128 −0.0253 −0.0104 −0.0043 −0.0766 −0.0269 0.0257
(0.0859) (0.0115) (0.0334) (0.1120) (0.0135) (0.0385)

256 −0.0201 −0.0028 0.0044 −0.0355 −0.0087 0.0126
(0.0317) (0.0049) (0.0124) (0.0429) (0.0053) (0.0163)

10 64 −0.0471 0.0529 −0.0525 −0.0538 0.0399 −0.0379
(0.0655) (0.2478) (0.1319) (0.0452) (0.0205) (0.1017)

128 −0.0176 0.0284 −0.0241 −0.0275 0.0277 −0.0203
(0.0162) (0.0087) (0.0542) (0.0162) (0.0076) (0.0390)

256 −0.0133 0.0121 −0.0013 −0.0145 0.0134 −0.0086
(0.0074) (0.0039) (0.0262) (0.0065) (0.0033) (0.0172)

15 64 −0.0600 0.0013 −0.0190 −0.0667 0.0026 0.0003
(0.0283) (0.0128) (0.6177) (0.0260) (0.0123) (0.5136)

128 −0.0261 0.0026 −0.0157 −0.0338 −0.0001 −0.0006
(0.0083) (0.0045) (0.2959) (0.0081) (0.0046) (0.2445)

256 −0.0128 0.0032 0.0091 −0.0140 0.0003 0.0043
(0.0031) (0.0022) (0.1315) (0.0029) (0.0020) (0.0912)

Note: The entries in the Table are mean simulation bias with mean squared error in

parentheses.
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Table 3.

Simulated bias and mean squared error of cycle length estimates

Stock variable Flow variable

T T

dc 64 128 256 64 128 256

5 −0.0035 −0.0067 0.0020 0.0074 0.0045 0.0033
(0.0474) (0.0199) (0.0083) (0.0382) (0.0161) (0.0080)

10 −0.0509 −0.0103 −0.0001 −0.0588 −0.0361 −0.0218
(0.4374) (0.1287) (0.0554) (0.3229) (0.1152) (0.0470)

15 −0.0464 −0.0329 0.0378 −0.1115 −0.0963 −0.0286
(7.2121) (1.8793) (0.7683) (6.1190) (1.6732) (0.6111)

Note: The entries in the Table are mean simulation bias with mean squared error

in parentheses.

Table 4.

Estimates for logarithm of U.S. real GNP, 1929–2002

Cycle 1 Cycle 2 Trend

a01 0.3499 a02 1.6570 σ2
η 0.0006

(0.6514) (0.1154) (0.0027)

a11 −0.5081 a12 −1.8459
(0.4861) (0.1147)

ν1 3.0102 ν2 0.5476
(2.0195) (0.0897)

σ2
1 0.0012 σ2

2 1.44×10−5

(0.0037) (7.43×10−5)

d1 22.3933 d2 7.6116
(10.9742) (0.6706)

Note: Figures in parentheses denote asymptotic standard er-

rors.
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