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Abstract
The inversion theorem for radially-distributed complex random

variables provides a completely symmetric relationship between their
characteristic functions and their distribution functions, suitably de-
�ned. If the characteristic function happens also to be a distribution
function, then a dual pair of random variables is de�ned. The distrib-
ution function of each is the characteristic function of the other. If we
call any distribution possessing a dual partner �invertible�, then both
the radial normal and radial t distributions are invertible. Moreover
the product of an invertible variable (for instance, a radial normal
variable) with any other independent variable is invertible. Though
the most prominent examples of invertible variables possess a normal
divisor, we exhibit a pair of variables neither of which has a normal di-
visor. A test for normal-divisibility, based on complete monotonicity,
is provided. The sum of independent invertible variables is invertible;
the inverse is the smallest in magnitude of the inverse variables. The-
orems about sums of invertible random variables (for instance, central
limit theorems) have a dual interpretation as theorems about extrema,
and vice versa.
JEL Classi�cation: C02; C16.
AMS Classi�cation: 60E05; 60E10.
Keywords: Bernstein�s theorem; Bessel transform; duality; ex-

treme value theorem; radial distribution; t-distribution
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1 Introduction

A major property of a characteristic function (c.f.) is that if X and Y are
independent real random variables (r.v.s) with c.f.s �X and �Y respectively,
then the c.f. ofX+Y is the product �X�Y . A major property of a distribution
function (d.f.) is that if X and Y have d.f.s FX and FY respectively, then
the d.f. of max (X; Y ) is the product FXFY . Since the c.f. and the d.f. are
the two main ways of de�ning a real r.v., we are led to ask if there is a class
of functions which can be treated indi¤erently as c.f.s or d.f.s. Any such
function would de�ne two r.v.s: one for which it was the c.f., and one for
which it was the d.f.. One might expect an intimate relationship between the
properties of these two r.v.s. Moreover a product of such functions would
de�ne a new function that could be viewed indi¤erently as the c.f. of a sum,
or the d.f. of a maximum.
Against this idea, there are marked di¤erences between the c.f.s and d.f.s

of real scalar r.v.s. Unlike a d.f., a c.f. must be a continuous, non-negative
de�nite function, taking the value 1 at the origin and 0 at in�nity. Unlike a
c.f., a d.f. must take non-negative real values, be monotone increasing, and
take the values 0 and 1 at �1 and +1 respectively. Based on the inversion
theorem for a distribution, we can express the c.f. and the d.f. as integral
transforms of each other. Such an inversion theorem contains a degree of
symmetry, but is far from being fully symmetric.
However, for a certain large and rich set of r.v.s, all these obstacles to

sum-extremum duality can be circumvented. It is possible to de�ne and in-
vestigate sums and extrema as dual variants of each other. Their contrasting
properties can be seen as alternative interpretations of the same function-
theoretic statements, according to whether we adopt a c.f.-interpretation or
a d.f.-interpretation of the functions in question. To describe and explore
this manifestation of c.f./d.f. duality is the main aim of this article.
The r.v.s in question form a subset of the radially-distributed complex-

valued r.v.s. In section 2 we investigate the relevant properties of such r.v.s,
notably their symmetric inversion theorem, and de�ne the set of �invertible�
distributions, those whose c.f.s are also d.f.s (both terms receiving slightly
modi�ed de�nitions). Section 3 demonstrates that the set of invertible r.v.s is
large and rich, and in particular that �normally-divisible�r.v.s, those having
a radial normal r.v. as a factor, are invertible; moreover that their inverses
are also normally-divisible. The section provides tests for normal-divisibility,
but (in order to refute the conjecture that all invertible r.v.s are normally-
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divisible) exhibits a dual pair of invertible r.v.s neither of which is normally-
divisible. Section 4 provides examples of how statements concerning sums of
invertible r.v.s, have a dual interpretation as statements about extrema. In
particular, the central limit theorem, applied to a sum of invertible r.v.s, can
also be interpreted as a minimum-value theorem about their inverses.

2 Invertible Probability Distributions

Let C be the set of complex numbers. If a r.v. Z takes values in C we
call it a complex r.v. (thus real-valued r.v.s count as complex r.v.s). If we
can write a complex r.v. Z in polar form Z = Rei�, where R and � are
independent, R 2 [0;1), and � is uniformly distributed on [0; 2�), we call Z
(complex-)radially-distributed. If Z is a radially-distributed r.v., we call
the function GZ (r) � P (jZj > r) its radial d.f.. (We note that this form
of complementary d.f. resembles a c.f. in that for continuous r.v.s it satis�es

GZ (0) = 1, GZ (1) = 0.) We call the function ĜZ (r̂)
def
= E [J0 (r̂R)] the

radial c.f. of Z. Here J0 is the Bessel function de�ned in, for instance, [1, p.
951, 8.402]. The motivation for such a de�nition appears in [2, pp. 522-523]:
suppose that Z is radially-distributed and that we write it in cartesian form
as Z = X + iY . Then the joint c.f. of the real variables X and Y is, using
the properties of R and � assumed above,

�X;Y (s; t) � E [exp (isX + itY )]

= �
Z 1

0

Z 2�

0

1

2�
exp (isr cos � + itr sin �) d�dGZ (r)

= �
Z 1

0

J0 (r̂r) dGZ (r) = E [J0 (r̂R)]
def
= ĜZ (r̂)

where r̂ �
p
s2 + t2, as we can see by making the substitutions r = r̂ cos ,

s = r̂ sin , and � �  ! �, then using [3, p. 360, 9.1.21 with n = 0] to
evaluate the inner integral. Although ĜZ and �X;Y are di¤erent functions
(their domains di¤er), they are closely related. In particular, setting s =
r̂; t = 0 we obtain ĜZ (r̂) = �X;Y (r̂; 0) = E (exp (ir̂X)) = �X (r̂). Thus, the
radial c.f. of Z coincides with the ordinary c.f. of ReZ, a fact which often
allows us evaluate ĜZ (r̂) easily.
As a �rst example of a radial r.v., suppose that (X; Y )0 � N (02; �

2I2).
Transforming to polar coordinates, we �nd (as is well-known) that R;�
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are independent. In fact their joint density is fR;� (r; �) = fR (r) f� (�)
where fR (r) = (r=�2) exp (�r2=2�2) for r � 0, and f� (�) = (2�)�1 for
� 2 [0; 2�). Thus Z is radially distributed, and its radial d.f. is GZ (r) =R1
r
fR (s) ds = exp (�r2=2�2). Writing Z = X + iY , we introduce the nota-

tion Z � RN (�2), to denote the fact that Z has a radial normal distribution,
with variance E

�
Z �Z
�
= 2�2. (The reason for using the half-variance, rather

than the variance, as the parameter appears in the next paragraph but one.)
As noted above, the radial c.f. of Z is the ordinary c.f. of ReZ, thus
ĜZ (r̂) = E (exp (ir̂X)) = exp (��2r̂2=2). A second example is provided by
the radially-distributed r.v. Z whose radial d.f. is GZ (r) = e�r. The radial
c.f. is then de�ned as �

R1
0
J0 (r̂r) d (e

�r) = (1 + r̂2)
�1=2, using [1, p. 707,

6.61.1]. For a third and �nal example, let GZ (r)
def
=
�
1 + r2

�

���=2
, where

� > 0. Such a radial d.f. de�nes the radial t-distribution. We use the
notation Z � Rt (�) to state that Z has the radial t-distribution with para-
meter �. The simple form of the radial d.f. makes the radial t distribution
a natural and tractable object of probabilistic study. The name �radial t�
is justi�ed because the marginal distributions of both ReZ and ImZ have
the ordinary t-distribution with parameter �, though (di¤erently from the
normal case) ReZ and ImZ are not independent. For proofs, see [4]. If
Z � Rt (1) we say that Z has the radial Cauchy distribution.
In the case of both the radial normal and the distribution de�ned by the

radial d.f. e�r, the radial c.f., once evaluated, turns out to have the form
of a radial d.f.; that is, both exp (��2r̂2=2) and (1 + r̂2)�1=2 are monotone
decreasing from 1 to 0 on the nonnegative real axis. The radial c.f. of
the radial t-distribution has the same property, as we show later. Each
radial c.f., therefore, is a radial d.f., de�ning a new radially-distributed r.v..
Accordingly, we de�ne the notion of invertibility. Let GZ be a radial d.f.
and let ĜZ be the corresponding radial c.f.. If ĜZ is monotone decreasing
from 1 to 0 on the nonnegative real axis, and therefore de�nes the radial d.f.
of a r.v. Ẑ, we say that GZ de�nes an invertible distribution, and that ĜZ
de�nes the inverse distribution to GZ . The radial d.f. of Ẑ is therefore
GẐ = ĜZ . We extend the terminology of invertibility to r.v.s themselves,
and call Z in this case an invertible r.v.. Since a radial c.f., being a c.f.,
is continuous, it follows that Z can be invertible only if its radial d.f. is
continuous.
Speci�c examples of invertibility are as follows. If Z � RN (�2), then Z is

invertible, with inverse Ẑ � RN (1=�2). The distribution RN (1) is self-dual.
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(This was the reason for the notational choice described in the last paragraph
but one.) Likewise if GZ (r) = e�r, then Z is invertible, and the inverse Ẑ
� Rt (1): that is, Ẑ has the radial Cauchy distribution. In both cases one
can verify directly that a second inversion restores the original distribution
(justifying the terminology �invertible�). The following theorem shows that
the same is true of all invertible r.v.s, and hence that such r.v.s either come
in dual pairs, or are self-dual.
Theorem 1 (Inversion Theorem for Radially Distributed r.v.s).

Let the complex r.v. Z be radially distributed, with continuous radial d.f. GZ
and radial c.f. ĜZ. Then

ĜZ (r̂) = �
Z 1

0

J0 (r̂r) dGZ (r) ; GZ (r) = �
Z 1

0

J0 (rr̂) dĜZ (r̂) . (1)

Proof. The �rst of these formulae is de�nitionally true, as we have discussed.
To show that the second holds, apply integration by parts to its right-hand
side to obtain

�
Z 1

0

J0 (rr̂) dĜZ (r̂) =

Z 1

0

ĜZ (r̂) d [J0 (rr̂)]�
h
ĜZ (r̂) J0 (rr̂)

i1
r̂=0

:

Using the results J 00 = �J1, J0 (0) = 1; ĜZ (0) = 1, ĜZ (1) = 0 (because Ĝ
as noted above is a c.f.) we obtain

�
Z 1

0

J0 (rr̂) dĜZ (r̂) = �r
Z 1

0

ĜZ (r̂) J1 (rr̂) dr̂ + 1

= �r
Z 1

0

�
�
Z 1

0

J0 (r̂s) dGZ (s)

�
J1 (rr̂) dr̂ + 1

= r

Z 1

0

Z 1

0

J0 (r̂s) J1 (rr̂) dr̂dGZ (s) + 1.

The interchange of integrals presents no problem, because both GZ and J0
are bounded. The inner integral may be evaluated using [1, p. 667, 6.512.3]
as 1=r if s < r and as 0 if s > r (and as 1=2r if s = r, but since GZ is by
assumption continuous, this value at a particular point does not a¤ect the
value of the integral). Thus

�
Z 1

0

J0 (rr̂) dĜZ (r̂) = r

Z r

0

1

r
dGZ (s) + 1 = GZ (r) .

as stated.
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There are other cases of symmetric inversion theorems in probability the-

ory, of which the cosine-transform pair f̂ (x̂) =
q

2
�

R1
0
cos (x̂x) f (x) dx,

f (x) =
q

2
�

R1
0
cos (xx̂) f̂ (x̂) dx̂ is the best-known, where f is a density

de�ned on [0;1) and f̂ is proportional to the corresponding c.f.. The dis-
tinctive feature of (1), however, is that the symmetry is, not between a c.f.
and a density function, but between a c.f. and a d.f.. The symmetry will
allow us a simultaneous and dual treatment of the sums and minima of in-
vertible r.v.s and their inverses. But before presenting this treatment, we
demonstrate that the class of invertible r.v.s is a wide one.

3 The Set of Invertible Distributions

A radially distributed r.v may fail to be invertible even though it possesses
a continuous d.f.. For instance, if GZ (r) = (1� r2)

1=2 for r 2 [0; 1] and
GZ (r) = 0 for r > 1, one �nds using [1, p. 682, 6.554.4] that ĜZ (0) = 1 and
ĜZ (r̂) =

sin r̂
r̂
for r̂ > 0; thus ĜZ can take negative values. It fails to be a

radial d.f., so Z is non-invertible. On the other hand, we showed in the last
section that invertible r.v.s do exist. If Z has a radial normal distribution,
or if it has one of the radial d.f.s e�r or (1 + r2)�1=2, then it has a monotone
radial c.f. and is therefore invertible. Our next theorem shows that the set of
invertible distributions is large and rich. For typographical reasons we shall
sometimes indicate inversion using �; thus Z� and Ẑ mean the same, while
we denote the inverse of Z1Z2 by (Z1Z2)

�.
Theorem 2 (Product-Quotient Theorem). If Z is invertible, and

W is a complex (not necessarily radial) r.v. independent of Z such that

P (W = 0) = 0, then ZW is invertible and the inverse (ZW )� d
= Ẑ=W ,

where d
= denotes equality of distribution and Ẑ has the inverse distribution

to Z.
Proof. Note that if Z is invertible and therefore radial, then ZW is also
radial and (given P (W = 0) = 0) has a continuous radial d.f.. By the de�n-
ition of invertibility, we must show, given that ĜZ = GẐ is a radial d.f., that
ĜZW = GẐ=W . Let R = jZj and S = jW j. Then

ĜZW (r̂)
def
= E (J0 (RSr̂)) = ES [ER (J0 (RSr̂))] = ES

h
ĜZ (Sr̂)

i
= E [GẐ (Sr̂)]
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since Z is by assumption invertible. Now by the law of total probability,
E [GẐ (Sr̂)] = P

h���Ẑ��� > r̂ jW j
i
= GẐ=W (r̂). This concludes the proof.

For instance, let N � RN (1) play the role of Z. Then since N̂ d
= N ,

any choice of W satisfying the conditions of the theorem yields a dual pair
NW and its inverse N=W . We are guaranteed an endless supply of invertible
r.v.s. The theorem can also be used to show that there are many self-dual
distributions: if N � RN (1), and W1 and W2 are IID and independent of

N , then NW1=W2 is self-dual, since (NW1=W2)
� d
= NW2=W1

d
= NW1=W2.

It is useful to note the following special case of the theorem: if � 2 C and
� 6= 0, then (�Z)� d

= Ẑ=�. If Z � Rt (�), then one can show that Z d
=p

�N=�� , where �
2
� has the (real) chi-squared distribution with parameter �.

Consequently the inverse Ẑ d
= N��=

p
�.

The invertible r.v.s so far considered suggest the following de�nition. Let
GZ be the radial d.f. of a r.v. Z such that Z

d
= NW , where N � RN (1), W

is a complex r.v. such that P (W = 0) = 0, and N and W are independent.
Then we say that Z and its distribution are normally-divisible. We have
shown that Theorem 2 implies that all normally-divisible distributions are
invertible (and that their inverses are also normally-divisible). We shall show
at the end of this section that the converse is false. There are invertible r.v.s
that are not normally-divisible. Nonetheless, the normally-divisible class
arises naturally. It contains for instance all members of the radial t class,
and their inverses.
We will derive the normal-divisibility of the radial t-distribution from a

general test for normal-divisibility. Let Z have radial d.f. GZ and de�ne R =
jZj. De�ne the Laplace-Stieltjes transform of GZ as the function de�ned
for x � 0 by E [exp (�xR)] = �

R1
0
e�xrdGZ (r). A function f de�ned on

(0;1) is completely monotone [2, pp. 439-442] if (�1)n f (n) (x) � 0 for
all x 2 (0;1) and for all integer n � 0. Examples of completely monotone
functions are e�x and (1 + x)�� for � � 0. The connection between the
Laplace-Stieltjes transform and complete monotonicity was established by
Bernstein [5], and appears as Theorem 1 in [2, p. 439]. We adjust the
notation to �t the present framework, and exclude by a continuity assumption
the possibility P (Z = 0) > 0.
Theorem 3 (Probabilistic Version of Bernstein�s Theorem). A

function � de�ned on [0;1) is the Laplace-Stieltjes transform of a continuous
radial d.f. GZ i¤ � is completely monotone, � (0) = 1, and lim

x!1
� (x) = 0.
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A proof is given by [2, pp. 439-440]. The �only if�part of the proof follows
easily from repeated di¤erentiation of E [exp (�xR)] = �

R1
0
e�xrdGZ (r),

more di¢ cult is to establish that completely monotone functions satisfying
� (0) = 1 and � (1) = 0 are transforms of radial d.f.s. Theorem 3 yields
useful tests for normal-divisibility:
Theorem 4 (Tests for Normal-Divisibility). Let Z be a radial r.v.

with radial d.f. GZ.The following are all equivalent: (i) Z is normally-
divisible; (ii) the inverse Ẑ exists and is normally-divisible; (iii) GZ (

p
r)

is completely monotone; (iv) ĜZ
�p

r̂
�
is completely monotone.

Proof. The equivalence of (i) and (ii) follows from Theorem 2. Now we

show the equivalence of (i) and (iv). I¤ (i) is true, we can write Z d
= NW for

some r.v. W , in which case Ẑ d
= N=W . Then GẐ

�p
r̂
�
= P

���N
W

�� > pr̂� =
P
�
jN j > jW j

p
r̂
�
=
R1
0
exp

�
�u2r̂

2

�
dGjW j (u). Writing u =

p
2s shows

that the function GẐ
�p

r̂
�
is the Laplace-Stieltjes transform of a radial d.f..

Bernstein�s theorem tells us that this statement is equivalent to the complete
monotonicity of GẐ

�p
r̂
�
; thus (i) and (iv) are equivalent. Similar reasoning

shows that (ii) and (iii) are equivalent.
So normal-divisibility of Z is equivalent to the complete monotonicity of

eitherGZ (
p
r) or ĜZ

�p
r̂
�
. An example is given by the radial t-distribution,

de�ned above. Since GZ (
p
r) equals

�
1 + r

�

���=2
, a completely monotone

function of r, the distributionRt (�) is normally-divisible and hence invertible
for all � > 0, moreover the inverse distributions are also normally-divisible.
(To gain insight into the inverse of Z � Rt (�), recall that the radial d.f.
GZ is the radial c.f. of the inverse variable Ẑ. It is also the ordinary c.f. of
X̂ � Re Ẑ. Suppose that S1; S2 are IID and both possess the chi-squared dis-
tribution with parameter �. Then the ordinary c.f. of S1�S2

2
p
�
is
�
1 + r2

�

���=2
.

We have shown that if Z � Rt (�), then Re Ẑ is proportional to a di¤erence
of two IID variates, both with the �2 (�) distribution.) Theorem 4 can be
used to show that for N � RN (1) and for real p, Np is normally-divisible
i¤ p � 1. The theorem can also be used to show that if Z is radial, R = jZj,
and R2 has a �2 (�) distribution, then Z is invertible i¤ � � 2.
One might conjecture that all invertible distributions are normally-divisible;

however a counterexample is provided by the radial r.v. Z whose modulus
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R = jZj has the density function f (r) = 4
�
(1� r2)

1=2
(0 � r � 1), f (r) = 0

(r > 1). Such a Z fails to be normally-divisible, since no normally-divisible
r.v. is con�ned to the unit disk about the origin. Yet Z is invertible, as we
now show. The corresponding radial c.f. is ĜZ (r̂) = 4

�

R 1
0
J0 (r̂r)

p
1� r2dr.

Di¤erentiation of �ĜZ yields the function f̂ (r̂) = 4
�

R 1
0
rJ1 (r̂r)

p
1� r2dr,

which may be evaluated using [1, p. 688, 6.567.9] as f̂ (r̂) = 2
r̂

�
J1
�
r̂
2

��2
for

r > 0, f̂ (0) = 0. Now f̂ is nonnegative. Hence ĜZ is monotone decreasing
and Z is therefore invertible. It follows that products ZW are also invert-
ible, by the product-quotient theorem. The set of invertible distributions is
therefore much wider than the set of normally-divisible distributions.

4 Duality Between Sums and Radial Minima

We can now demonstrate the duality between sums and extreme values re-
ferred to in our title. Recall that the search for duality was based on the
analogy between products of c.f.s and products of d.f.s, and therefore be-
tween sums and maxima of r.v.s. Since we have found it natural to use a
complementary form of d.f., we actually obtain relationships between sums
and minima.
LetGZ1 andGZ2 be the radial d.f.s of two independent radially-distributed

r.v.s Z1 and Z2. Use the notation Z1+̂Z2 to denote a r.v. with radial
d.f. GZ1GZ2, so GZ1+̂Z2

def
= GZ1GZ2 . We call Z1+̂Z2 the radial minimum

of Z1 and Z2, the smaller of the two in absolute value. For instance, if
Z1 � RN (�21) and Z2 � RN (�22), then one can verify from the d.f.s that
Z1+̂Z2 � RN (�21�

2
2= (�

2
1 + �22)). The radial t family also possesses a sim-

ple radial minimum property: one can verify that if Z1 � Rt (�1) and

Z2 � Rt (�2) are independent, then
p
�1 + �2

�
Z1p
�1
+̂ Z2p

�2

�
� Rt (�1 + �2).

Similarly if Z1; : : : ; Zn are IID and Zj � Rt (�), then
p
n
�
Z1+̂ : : : +̂Zn

�
�

Rt (n�). The proof, using radial d.f.s, resembles the proof that a sum of
chi-squared variates is again chi-squared, using ordinary c.f.s.
Theorem 5 (Sum-Minimum Theorem). Let Z1 and Z2 be indepen-

dent invertible r.v.s. Let Ẑ1 and Ẑ2 be independent r.v.s, with the respective
inverse distributions. Then Z1+Z2 is invertible, and Ẑ1+̂Ẑ2 has the inverse
distribution. That is, (Z1 + Z2)

� d
= Ẑ1+̂Ẑ2. Moreover, if Z1 and Z2 are

normally-divisible, then so are Z1 + Z2, Z1+̂Z2, Ẑ1 + Ẑ2, Ẑ1+̂Ẑ2.
Proof. Let Z1 and Z2 have the radial c.f.s Ĝ1 and Ĝ2 respectively. Re-
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call that Ĝ1 and Ĝ2 are ordinary c.f.s (of ReZ1 and ReZ2 respectively).
They therefore obey the convolution theorem ĜZ1+Z2 = ĜZ1ĜZ2, and we
have ĜZ1+Z2 = ĜZ1ĜZ2 = GẐ1GẐ2 = GẐ1+̂Ẑ2 . The rider concerning normal
divisibility is a consequence of the fact that the product of two completely
monotone functions is completely monotone, together with Theorem 4.
Theorem 5 allows us to give propositions about sums of invertible r.v.s

a dual interpretation as propositions about their radial minima, and vice
versa. For example, suppose that Z1 and Z2 are IID with the radial d.f.
GZ (r) = e�r. Then as we have seen, each possesses the radial c.f. (1 + r̂)�1=2.
Theorem 5 tells us that Z1+Z2 is invertible, and that the inverse is the radial
minimum Ẑ1+̂Ẑ2, where Ẑ1 and Ẑ2 both have the radial Cauchy distribution,
so GẐ1+̂Ẑ2 (r̂) = (1 + r̂

2)
�1. Conversely, ĜẐ1+̂Ẑ2 (r) = e�2r.

As well as yielding results about �nite sums and minima, Theorem 5
suggests investigation of their limit properties. A natural area of investigation
is the central limit theorem:
Theorem 6 (Duality Between a Central Limit Theorem and an

Extreme-Value Theorem.) Let fZjg, for j = 1; 2; : : : be a sequence of
invertible IID r.v.s , each with �nite variance �2. Let ST =

PT
j=1 Zj. Then

the bivariate central limit theorem tells us that the sequence
n
ST=�

p
T
o
has

the limiting distribution RN (1). Inverting, ŜT is the radial minimum ŜT �
Ẑ1+̂:::+̂ẐT . Then

n
ST=�

p
T
o�
= �

p
T ŜT also has the limiting distribution

RN (1).
Proof. From a function-theoretic point of view, the (radial) central limit
theorem is framed as one about the pointwise limits of a sequence of (ra-
dial) c.f.s. But, since we are assuming invertibility, the c.f.s in question

can also be interpreted as radial d.f.s, thus the statement
n
ST=�

p
T
o
!

RN (1) can be interpreted also as the inverted form of a extreme-value the-
orem. Using the self-duality of RN (1), we obtain in fact the theorem that

�
p
T
�
Ẑ1+̂ : : : +̂ẐT

�
! RN (1).

Note that there is no requirement for the inverse variables Ẑj to possess
a variance. If the fZjg themselves have no variance, the central limit theo-
rem is inapplicable. For instance if they have the radial Cauchy distribution
Rt (1), then ST � Z1 + : : : + ZT has radial c.f. e�T r̂, showing that ST=

p
T

fails to possess a limiting distribution. However, ST=T � Rt (1): the mean
of a sequence of independent radial Cauchy r.v.s is again (as one might ex-
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pect) radial Cauchy. The dual interpretation is that the radial minimum

T
�
Ẑ1+̂ : : :+ ẐT

�
has the distribution inverse to Rt (1), which as we have

seen is the distribution with radial d.f. e�r̂.
The derivation of the extreme-value proposition requires no additional

mathematical operation, simply a reinterpretation of the function-theoretic
statement of the central limit theorem. Other additively-based concepts, such
as in�nite divisibility, and stable distributions, also have dual counterparts
in the world of radial minima. The class of invertible distributions seems to
merit further investigation.
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