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Abstract
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1 Introduction
Pillage games [Jordan, 2006] are cooperative games whose dominance operators
are representable by power functions, increasing functions of both a coalition’s
membership and its holdings of a single good. A coalition that stands to benefit
from a reallocation of that good, and which is more powerful than the coalition
that stands to lose, may costlessly effect the reallocation without the latter’s con-
sent. As a result, pillage games are not a subset of either of the most popular
classes of abstract games: games in characteristic function form do not allow the
externalities central to pillage games; those in partition function form do not allow
dependence on resource holdings.

Pillage games are of interest for two reasons. First, they may give insight into
phenomena of direct economic interest: as pillage is costless, it seems most con-
sistent with environments in which coalitions’ strengths are commonly known,
in turn most consistent with advanced democracies.1 Thus, pillage games may
ultimately provide insight into redistributive taxation, the exercise of eminent do-
main, or other redistributive actions undertaken by a government whose election
generated commonly known signals of coalitional strength.

Second, in imposing structure on the dominance operator, pillage games seem
to provide a class of cooperative games with unusually regular equilibrium ob-
jects, the stable set in particular. As abstract cooperative games only require
irreflexivity of the dominance operator, examples have been presented with ex-
tremely irregular stable sets. Most famously, Shapley [1959] presented a game
whose winning coalitions required the support of a strict majority of three play-
ers, and unanimity among all others. His ‘signature result’ then showed a way
of building a stable set around an arbitrary closed set; when the arbitrary set was
uncountable, the ensuing stable set would also be. Against this, no examples of
non-unique stable sets are known for pillage games.2 Indeed, Kerber and Rowat
[2009a] prove that stable sets are unique in a broad class of one–good, three–agent
pillage games. Further, stable sets in one–good pillage games are finite.

Jordan [2006] proved this last result by exploiting a consequence of the power
function’s monotonicity in resource holdings: no stable set can contain a sequence
of four allocations, x1, . . . ,x4 over which one coalition of agents always prefers
xk+1 to xk and an opposing, disjoint coalition always prefers the reverse. If such
a sequence existed, one coalition would be more powerful than the other at an

1See Piccione and Rubinstein [2007] for another class of games of costless pillage.
2The three-person simple majority game (q.v. Lucas [1992]), a game in characteristic function

form, has a unique symmetric stable set, finite, and a continuum of asymmetric stable sets, each
containing a continuum of allocations. By adding dependency on resource holdings, transforming
the game into pillage game, Jordan and Obadia [2004] eliminate all but the finite symmetric stable
set.

2



allocation that it preferred to move away from, and therefore effect a reallocation
to the preferred allocation in the sequence. Kerber and Rowat [2009b] strengthen
this result by exploiting a graph theoretical interpretation of this same argument,
and therefore tighten the upper bound to a Ramsey number.3 In the three agent
pillage games studied in Kerber and Rowat [2009a], the stable sets contain no
more than 15 elements.

Rowat [2009] extended Jordan’s analysis by adding a second good, allowing
both consensual trade as well as non-consensual ‘pillage’. The addition of this
second good breaks the monotonicity between utility and power present in the
one-good world allowing, for example, agents with extremal endowments to gain
in utility from trade, while losing power. Conceptually, moving from analysis of
a single good to more than one good is the difficult step; additional goods beyond
two simply increase the dimension of the spaces involved.

In the two–good world, Rowat proved that stable sets have empty interior;
Jordan has further conjectured that they have measure zero. The present paper
interprets and proves Jordan’s conjecture for m goods, as well as proving the more
intuitively appealing and stronger statement that the stable sets of multi–good
pillage games have Hausdorff dimension at most one less than that of the ambient
space.

The paper is organised as follows. Section 2 presents the paper’s economic
objects, defining pillage games and stable sets. It concludes by proving that stable
sets in pillage games can only contain three types of allocations: those holding all
agents to indifference over them; those holding constant the power of the agents
who have strict preferences over them; and a finite number of isolated allocations
that do not satisfy either of the other two criteria. The task of bounding a stable set
therefore reduces to that of bounding indifference sets and those sets of allocations
over which agents’ power does not change.

Section 3 introduces pseudo–indifference sets, which include level sets of util-
ity functions, quasi–indifference classes associated with a preference relation not
given by a utility function [Beardon, 1995], production possibility frontiers, and
Pareto efficient sets. We first show, as a consequence of Lebesgue’s Density The-
orem, that pseudo–indifference sets have measure zero. This is unsurprising.4 The
section concludes by demonstrating that the objects bounding stable sets are ex-
amples of pseudo–indifference sets, proving Jordan’s conjecture that stable sets
are also measure zero.

While this establishes a literal interpretation of Jordan’s conjecture, it does

3Saxton [2009] develops techniques to allow consideration of sequences over which the coali-
tion that prefers xk+1 to xk expands, while that preferring the reverse shrinks; this tightens the
Kerber and Rowat [2009b] Ramsey bound somewhat to another doubly-exponential bound.

4Under the additional assumption of measurability, Candeal and Induráin [1994] prove that
indifference sets have measure zero.
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not capture the more intuitive meaning, namely that the stable sets are not just
‘small’, but resemble standard curves like indifference curves in the unit square.
More specifically, establishing measure zero does not yet distinguish between the
nowhere dense Cantor set (formed by iteratively removing elements from the line)
and the infinite length von Koch curve (formed by iteratively adding elements to
the line), granting both of them 2–dimensional measure zero.

Section 4 therefore continues the paper by re-interpreting Jordan’s conjecture
in the way that we feel more natural, namely in terms of Hausdorff dimension.
Hausdorff dimension is a far more sensitive concept than is Lebesgue measure for
the study of null sets, discriminating easily between the previous paragraph’s ex-
amples: a line segment has dimension 1; the (ternary, or middle–third) Cantor set
dimension log 2

log 3 , and the von Koch curve dimension log 4
log 3 . Indeed, for a subset E of

Rp with p–dimensional Lebesgue measure zero, the Hausdorff dimension dim (E)
can be any number between 0 and p.5 Dimension’s greater sensitivity allows us to
prove what we think is the more natural interpretation of Jordan’s conjecture: any
stable set of a pillage game is a subset of ‘standard’ curves, rather than oddities
like von Koch curves. The section’s main result is therefore that, for any pseudo–
indifference set, E in Rp, dim (E) ≤ p−1.6 This is established first by introducing
and presenting some properties of Lipschitz maps, and then by showing that a
pseudo–indifference set can be given a locally Lipschitz representation.

Section 5 demonstrates that we may work equivalently in one of two con-
venient Euclidean subspaces: either an mn-dimensional allocation space, or an
m (n − 1)-dimensional ‘Edgeworth’ space. While straightforward to demonstrate,
we are not aware that this has been done before, making it perhaps of interest in its
own right. Thus, the conjecture - whether phrased in terms of measure or dimen-
sion - holds in both the full allocation space, or - equivalently - in its Edgeworth
representation. The section also provides a two–good example of a stable set that
both illustrates Jordan’s original construction, as well as the need for its modifica-
tion in multi–good worlds. Intuitively, the presence of multiple goods breaks the
monotonicity in Jordan [2006] between utility and power; this allows stability of
sets to be maintained even if we ‘stretch’ the middle point of Jordan’s sequence,
x1,x2,x3, in utility space.

5In spite of Hausdorff dimension’s appeal, it remain largely unused within the economics lit-
erature. Exceptions include Keenan and Kim [2000] and, in finance, Fredricks et al. [2005, q.v.].
References to space filling curves, such as Peano’s, implicitly refer to dimension as well [q.v.
Jordan and Xu, 1999, Kehoe et al., 2002, Nisan and Segal, 2006].

6It may seem that this follows immediately from a pseudo–indifference set being a sub–
manifold of the allocation space. This view, however, confuses topological with Hausdorff di-
mension: the von Koch curve in R2 has topological dimension one, but Hausdorff dimension
greater than one. Continuous maps, the central tools of topology, preserve topological dimension
but typically do not preserve measure (or Hausdorff dimension).
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Finally, Appendix A provides some examples of Hausdorff dimension.

2 Pillage games and stable sets
Assume that there are m goods, each with unitary aggregate endowment, and a
finite set I = {1, . . . , n} of agents, where n ≥ 2. Agent i ranks allocations according
to a continuous, strictly convex, strongly monotone preference relation %i which
is defined on Rm

+ , the non-negative m–dimensional reals; denote strict preference
by �i and indifference by ∼i. Agent i’s allocation is xi = (x1i, . . . , xmi), where
0 ≤ x ji ≤ 1 for each i and j. An allocation of the goods is therefore a vector
x = (x1, . . . ,xn), and the set of allocations is

A =

(x1, . . . ,xn) :
∑

i

x1i = · · · =
∑

i

xmi = 1, 0 ≤ x ji ≤ 1

 ⊂ (Rm)n,

which we identify in a natural way with a subset of Rmn.
A coalition is any (possibly empty) set of agents (that is, a subset of I). A

coalition’s power is given by a power function, which is a monotonically increas-
ing function of both coalition membership and allocations of goods. Throughout,
xi > yi means x ji > y ji for all j = 1, . . . ,m, and similarly for xi ≥ yi.

Definition 2.1. A power function is a function π : 2I × A → R which, for all
subsets C and C′ of I, and all allocations x and y, satisfies

(WC) if C′ ⊃ C then π(C′,x) ≥ π(C,x);

(WR) if yi ≥ xi when i ∈ C, then π (C,y) ≥ π (C,x);

(SR) if C , ∅, and yi > xi when i ∈ C, then π (C,y) > π (C,x);

These axioms – weak coalitional monotonicity, weak resource monotonicity,
and strict resource monotonicity – extend those in Jordan [2006] from the one
good to the m–good environment. Note that (WR) implies (with C = ∅) that
π(∅,x) is independent of x, and that, from (WC), this common value is the small-
est value taken by π (this is why it is necessary to assume that C , ∅ in (SR)).
Note, however, that π(C,x) = π(∅,x) does not imply that C = ∅. The leading
example introduced by Jordan [2006] is the wealth is power function, whereby a
coalition’s power is the aggregate quantity of the single good held by the coalition.
Under this power function, if every i ∈ C holds zero quantities of the good, then
π(C,x) = π(∅,x).

Given allocations x and y, we let Cx�y be the coalition of agents who strictly
prefer x to y.

5



Definition 2.2. We say that an allocation y dominates an allocation x, and write
y K x, if π

(
Cy�x,x

)
> π

(
Cx�y,x

)
or, equivalently, if the coalition who strictly

prefers y to x has more power with allocation x than does the coalition who
strictly prefers x to y.

Analytically, the power function serves to impose structure on the dominance
operator K which, in abstract cooperative games, is only required to be irreflex-
ive. In Jordan [2006], the sets Cx�y and Cy�x are identified as W and L. When
Cx�y = ∅, domination is consistent with Pareto improving exchange. In the one
good world of Jordan [2006], coalitions are nonempty subsets of I as there is no
possibility of Pareto improvement, making Cx�y = ∅ impossible for x , y.

Definition 2.3. Given allocations u and v, the associated balance of power locus
is the set

B(u,v) = {x ∈ A : π (Cu�v,x) = π (Cv�u,x)} .

When Cu�v = Cv�u = ∅, B (u,v) = A. The requirement that both Cu�v and
Cv�u be empty is equivalent to ui ∼i vi for all i ∈ I. The set of u and v satisfying
this condition holds all agents to their indifference curves; we shall see later that
this implies a small set of allocations. Similarly, when Cu�v , ∅ but Cv�u = ∅, a
move from v to u is Pareto improving. As shall be seen in the proof of Theorem
2.8, this need not imply that u K v.

Our ultimate interest lies in stable sets, a concept first proposed by von Neu-
mann and Morgenstern [1944], who called them ‘solutions’. von Neumann and
Morgenstern interpreted stable sets loosely as standards of behaviour. They may
also be more formally motivated in terms of farsightedness: Jordan [2006] proved
that, when a consistency condition is added to agents’ expectations about future
dominance operations (e.g. z K y following y K x), a core in expectations is
equivalent to a stable set. His result holds in the present environment as well. 7

Definition 2.4. A set S ⊆ A of allocations is

1. internally stable if no allocation in S dominates another allocation in S ;

2. externally stable if each y inA\S is dominated by some x in S ;

3. stable if it is both internally and externally stable.

We now characterise stable sets in terms of dominion sets. If Y ⊆ A, then the
dominion D(Y) of Y is the set of allocations x that are dominated by some y in Y .

Lemma 2.5 (Lucas [1971]). A set S ⊆ A of allocations is

7See also Anesi [2006] for a farsighted motivation of stable sets.
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1. internally stable if and only if S ∩ D(S ) = ∅;

2. externally stable if and only if S ∪ D(S ) = A;

3. stable if and only if S = A\D(S ).

For completeness, we give a proof.

Proof. For each allocation x, let D−1(x) be the set of allocations that dominate x.
Then

1. S is internally stable if and only if for all x in S , S ∩ D−1(x) = ∅;

2. S is externally stable if and only if for all y inA\S , S ∩ D−1(y) , ∅.

As D(S ) is the set of allocations that are dominated by some s in S ; thus D(S ) =

{a ∈ A : S ∩D−1(a) , ∅}. From these, (1) and (2) in Lemma 2.5 are obvious, and
(3) follows from these. �

The preceding sets the stage for the main result of this section, which allows a
stable set to be represented in terms of a collection of balance of power loci. First,
we define three objects derived from the balance of power locus:

Definition 2.6.

B+(u,v) ≡ {x ∈ A : π(Cu�v,x) > π(Cv�u,x)};
B−(u,v) ≡ {x ∈ A : π(Cu�v,x) < π(Cv�u,x)} = B+(v,u);

B ≡ {B (u,v) : u,v ∈ A; Cu�v,Cv�u , ∅} ;
B̄ ≡ {B (u,v) : u,v ∈ A; Cu�v ∪Cv�u , ∅}

Thus, B is the set of balance of power loci, excluding those generated when at
least one of Cu�v or Cv�u is empty; by Kerber and Rowat [2009b], its cardinality
is 3n − 2n+1 + 1. Similarly, B̄ is the set of balance of power loci for which no more
than one of Cu�v and Cv�u is non-empty; its cardinality is 3n − 1.

It follows that no two allocations in an internally stable set can lie on the same
side of the balance of power locus that they induce:

Lemma 2.7. An internally stable set cannot contain two allocations, u,v ∈ A,
such that either u,v ∈ B+(u,v) or u,v ∈ B−(u,v) for some B (u,v) in B̄.

Proof. Suppose that a stable set S contains two allocations u and v that are in
B+(u,v). Then, by definition, π(Cu�v,v) > π(Cv�u,v), so that u dominates v.
This is impossible, since u and v are in S , and S is stable. Similarly, S cannot
contain two allocations u and v that are in B+(v,u), which is B−(u,v). �
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This allows us to establish the representation of an internally stable set:

Theorem 2.8. Any internally stable set, S , is a subset of the union of a finite
number of each of: balance of power loci, isolated allocations, and allocations
over which all agents are indifferent.

Proof. Index the balance of power loci in B̄ by j = 1, . . . , ‖B̄‖. Any x ∈ A may
be located relative to the balance of power locus induced by u j,v j as follows:

x ∈


B−

(
u j,v j

)
B

(
u j,v j

)
B+

(
u j,v j

)
⇒ β j (x) =


−1

0
1

 .
Case 1: if β j (x) = 0 for some x in S and j in

{
1, . . . , ‖B̄‖

}
, then x belongs to

one of the 3n − 1 balance of power loci in B̄, consistent with the theorem.
Case 2: now consider those x in S for which β j (x) , 0 for all j in

{
1, . . . , ‖B̄‖

}
.

Thus,
(
β1(x), . . . , βB̄(x)

)
takes on one of 23n−1 values, a finite number. By Lemma

2.7, there cannot also be a y in S such that β j(y) = β j(x) for all j in
{
1, . . . , ¯‖B‖

}
;

were there, one of x and y would dominate the other, violating internal stability.
Thus, there are at most 23n−1 allocations that do not lie on one of the balance of
power loci in B̄, consistent with the theorem.

Case 3: the last case to consider is that when x and y in S are such that
both the sets Cx�y and Cy�x are empty. In this case, x ∼i y for all i in I, the
indifference loci in the theorem’s statement. Suppose that there exists a second
pair, x′ and y′ in S , such that x′ ∼i y

′ for all i in I. To show that only finitely
many such indifference intersections arise, consider two further subcases:

Case 3a: if x ∼i x
′ ∼i y

′ ∼i y for all i in I then x′ and y′ lie on the same
intersection of indifference loci, consistent with the theorem.

Case 3b: otherwise, without loss of generality, there exists at least one agent
i in I for whom x /i x

′, so that at least one of Cx�x′ and Cx′�x is non-empty.
Then, for each of x and x′, if there exists a j in

{
1, . . . , ‖B̄‖

}
such that β j (x) or

β j (x′) equals zero, case 1, above, applies. Otherwise case 2 applies, and we are
done. �

Thus, if we can bound the size of each B (u,v) in B and agents’ indifference
curves, we have also bounded S . The next two section of the paper attend to these
two tasks, which turn out to be the same. Section 3 therefore defines, and then
bounds, pseudo–indifference sets, examples of which will be shown to include
both the balance of power loci and the indifference curves.
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3 Pseudo–indifference sets have measure zero
In this section we introduce pseudo–indifference sets and show that they have
measure zero. Examples of pseudo–indifference sets in economics include: each
level set of a continuous utility function, each quasi-indifference class induced by
a strictly monotonic preference relation [Beardon, 1995], each production possi-
bility frontier, and each Pareto efficient set in Rp. To be more explicit, a quasi–
indifference class is defined as follows. Let � be a strict preference relation on the
non-negative quadrant R2

+ of R2 which is not given by a continuous utility func-
tion. Choose any point a in R2

+. Then each ray R from the origin in R2
+ is divided

into two parts by a unique point xR such that x ≺ a if x < a, while x � a if
x > a. The quasi–indifference class for a is the set of such points xR. In the case
of the lexicographic ordering on R2

+, for example, each quasi–indifference class is
a vertical line. Later, we shall show that the objects comprising a stable set in an
m–good pillage game are pseudo–indifference sets; this will allow us to confirm
Jordan’s conjecture on stable sets in m–good pillage games.

We work in the Euclidean spaceRp, and we let µp be Lebesgue’s p–dimensional
measure in Rp. If x and y are in Rp then we write x =

(
x1, . . . , xp

)
; ‖x − y‖ de-

notes the Euclidean distance between x and y. Also we write x > y to mean
xi > yi for all i. We now define what we mean by a pseudo–indifference set, and
prove the key result that each pseudo–indifference set has zero measure:

Definition 3.1. A subset E of Rp is a pseudo–indifference set if it has the property
that, for all x and y in Rp, if x > y then x and y are not both in E.

Theorem 3.2. If E is a pseudo–indifference set in Rp then µp(E) = 0.

Proof. It is not obvious that a pseudo–indifference set E is measurable. However,
we proceed by showing (i) if E is a pseudo–indifference set, then so is its closure
E, and (ii) every closed pseudo–indifference set has measure zero. These imply
that every pseudo–indifference set is measurable and has measure zero.

First, we prove (i) by contradiction. Suppose that E is a pseudo–indifference
set, but that E is not. Then there are u and v in E with u > v. Clearly this implies
that there are u′ and v′ in E with u > u′ > v′ > v, and this is a contradiction.

Our proof of (ii) is based on Lebesgue’s Density Theorem [Mattila, 1995]
which is as follows. Let A be any measurable subset of Rp, and let O(a, r) be the
open ball in Rp with centre a and radius r. Then

ρA(x) = lim
r→0

µp
(
A ∩ O(x, r)

)
µp

(
O(x, r)

)
is called the density of A at x whenever this limit exists. Lebesgue’s Density
Theorem says that ρA(x) exists and equals 1 for almost all points x in A. In
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particular, if at every point x of A either ρA(x) < 1, or ρA(x) does not exist,
then A has measure zero. Now let E be a closed (and hence measurable) pseudo–
indifference set, and suppose that x ∈ E. Then, because {y ∈ Rp : y > x} is
disjoint from E, we see that

lim sup
r→0

µp
(
E ∩ O(x, r)

)
µp

(
O(x, r)

) ≤
2p − 1

2p < 1.

Thus if ρE(x) exists then it is less than 1, so that E has measure zero. �

Recall that, by Theorem 2.8, any stable set in a pillage game is a finite collec-
tion of (subsets of) indifference curves, isolated allocations, and balance of power
loci. Finitely many isolated allocations have measure zero; by Theorem 3.2, in-
difference curves also have measure zero.8 We can now settle Jordan’s conjecture
by showing that balance of power loci also have measure zero:

Theorem 3.3. A stable set, S inA has m (n − 1)–dimensional measure zero.

The theorem is immediate on establishing the following lemma:

Lemma 3.4. Given u and v inA, the balance of power locus B(u,v) has m (n − 1)–
dimensional measure zero.

The proof of the lemma involves two transformations of B (u,v): the first is
motivated by the impossibility, for any allocations x and y, of x > y due to the
aggregate endowment constraint; the second then translates a result in Rmn to one
in Rm(n−1).

Proof. Take three allocations u, v and x in A ⊂ Rmn with x = (x1, . . . ,xn) such
that xi = (x1i, . . . , xmi) ∈ Rm. Now define a map σ : Rmn → Rmn by

σ (x1, . . . ,xn : u,v) ≡ (x̂1, . . . , x̂n) ,

where

x̂i ≡

{
xi if i ∈ Cv�u

−xi if i < Cv�u
.

Obviously σ depends parametrically on u and v; for simplicity, we omit this
dependence in the notation. As σ is an orthogonal map, reflecting objects into
different orthants, it preserves Euclidean distances.

8Candeal and Induráin [1994] derive a similar result by assuming measurability. As these
results are unsurprising, we expect that the literature contains other proofs as well.
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We now establish that σ (B (u,v)) is a pseudo–indifference set in Rmn (al-
though not in the positive orthant). Were it otherwise, there would exist alloca-
tions x and y in B (u,v) such that σ (x) > σ (y). In turn, as this sets xi > yi for
all i ∈ Cv�u and xi < yi for all other agents, axiom SR implies

π (Cv�u,x) > π (Cv�u,y) = π (Cu�v,y) > π (Cu�v,x) ; (3.1)

so that x < B (u,v), a contradiction proving thatσ (B (u,v)) is a pseudo–indifference
set.

As A lies in an m (n − 1) dimensional hyperplane in Rmn, it carries its own
m (n − 1) dimensional measure. Having shown that σ (B (u,v)) is a pseudo–
indifference set, the proof is completed by Theorem 3.2. �

Having established Jordan’s conjecture we now show that much more than
this is true. To do this we need the notion of Hausdorff dimension, which we now
introduce.

4 Hausdorff dimension
Hausdorff dimension is a more precise alternative to Lebesgue measure; this will
allow us to strengthen the results derived above for measure. We can illustrate the
idea of Hausdorff dimension by considering a disc D lying in the plane. Clearly D
has positive, finite, two–dimensional measure, zero volume and, in any reasonable
sense, infinite linear measure. Thus, if we denote the measure in dimension t by
H t, then we have H1(D) = +∞, 0 < H2(D) < +∞, and H3(D) = 0. The
construction of Hausdorff measures allows us to extend these ideas to all positive
t, and in this case we shall see that H t(D) = +∞ when t < 2, while H t(D) = 0
when t > 2. We shall now construct the t–dimensional Hausdorff measure, and
apply it to Jordan’s problem. However, readers who wish to see more illustrative
examples (which are not part of our discussion of Jordan’s problem) may consult
the appendix.

A subset of Rp is said to be a δ–set, where δ > 0, if its diameter is at most δ. A
δ–covering of E is a countable collection of δ–sets whose union covers E, and we
denote the class of δ–coverings of E by C(E, δ). If δ < ρ then C(E, δ) ⊂ C(E, ρ),
so that

inf
{Ai}∈ C(E,ρ)

∑
i

|Ai|
t ≤ inf

{Ai}∈ C(E,δ)

∑
i

|Ai|
t,

and this guarantees that the limit

H t(E) = lim
δ→0

{
inf

{Ai}∈ C(E,δ)

∑
i

|Ai|
t
}

(4.1)
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exists. We call H t(E), where t ≥ 0, the t–dimensional Hausdorff outer measure
of E. The Hausdorff p–dimensional measure H p of a subset E of Rp is related
to its Lebesgue measure µp by H p(E) = Kp µp(E), where Kp is a (known) quan-
tity which depends only on p [q.v. Mattila, 1995, pp.xii and 56]. In particular,
H p(E) = 0 if and only if µp (E) = 0.

The key facts [q.v. Mattila, 1995] about the t–dimensional Hausdorff outer
measure of E are

1. ifH t(E) < +∞ and s > t thenH s(E) = 0, and

2. ifH t(E) > 0 and s < t thenH s(E) = +∞.

It follows that there is a unique non–negative number dim(E), called the Hausdorff
dimension of E [q.v. Mattila, 1995, pp.54–67], with the property that

H t(E) =

{
0 if t > dim(E),

+∞ if 0 ≤ t < dim(E).

When t = dim(E), the value of H t(E) can be anywhere in the closed extended
interval [0,+∞]. The reader should note that the Hausdorff dimension may be
greater (but not smaller) than the topological dimension of a manifold. For exam-
ple, any curve that is homeomorphic to a circle is a one–dimensional manifold, but
the curve can be sufficiently irregular for it to have Hausdorff dimension greater
than one (see, for example, the von Koch ‘snowflake curve’ in the appendix). Of
course, the two definitions agree for ‘suitably smooth’ manifolds.

We now state the following result, which will allow us to strengthen Theorem
3.3 to one about dimension.

Theorem 4.1. If E is a pseudo–indifference set in Rp
+ then dim(E) ≤ p − 1.

Before proving the result, note that dim(E) < p− 1 is very much stronger than
µp(E) = 0 for it implies that H t(E) = 0 for all t with p − 1 < t ≤ p and not just
for t = p. The proof of this result, and in estimating the Hausdorff dimension of
a set, relies on Lipschitz maps. These are maps whose distortion is controlled;
they are commonly encountered within economics (and elsewhere) as contraction
mappings (for which K ≤ 1 in the definition below).

Definition 4.2. A map f : A → Rp, where A ⊂ Rp, is Lipschitz on A if there is a
positive number K such that ‖ f (x) − f (y)‖ ≤ K ‖x − y‖ for all x and y in A. The
number K is called a Lipschitz constant for f .

The following result, which forms the basis of all our results on Hausdorf di-
mension in this paper, is straightforward [q.v. Mattila, 1995, p.103] and it follows
directly from the fact that a δ–covering {Ai} of the set E is mapped by a Lipschitz
map f , with Lipschitz constant K, to a Kδ–covering { f (Ai)} of the set f (E).
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Theorem 4.3. Suppose that f : A → Rp is Lipschitz, where A ⊂ Rp. Then
dim

(
f (A)

)
≤ dim(A).

An important corollary for us is that if A ⊂ S, where S is the unit sphere in Rp,
and f maps A into Rp, then

dim
(
f (A)

)
≤ dim(A) ≤ dim(S) = p − 1. (4.2)

We may now discuss the main ideas in our proof of Theorem 4.1. First we
show that any pseudo–indifference set in Rp can be obtained as the image under a
radial projection ψ of some subset, A, of the unit sphere. If this radial projection
were Lipschitz, then the conclusion of Theorem 4.1 would follow immediately
from Theorem 4.3. Unfortunately, ψ need not be Lipschitz on A; however, ψ is
Lipschitz if we avoid that part of A that lies near the boundary of Rp

+ and this is
sufficient for our needs. We illustrate these ideas in the following example before
we present the proof of Theorem 4.1.

Example 4.4. Let S be the part of the unit circle x2 + y2 = 1 that lies in the first
quadrant of R2, and let E = {(x, y) ∈ R2

+ : y = 1/x}. We might think of E as an
indifference curve: it has zero area and Hausdorff dimension one, a much stronger
statement. Now project each point X of S radially away from the origin until it
meets E at the point ψ(X); this defines the map ψ : S → E. When the projection
approaches horizontal or vertical, it becomes clear that ψ is not Lipschitz on S .
However, if we let X = (cos θ, sin θ) then

ψ(X) =

(
1
√

tan θ
,
√

tan θ
)
,

and this does show (after a little work) that if 0 < θ1 < θ2 < π/2, then the
restriction of ψ to that part of S between θ = θ1 and θ = θ2 is Lipschitz. Thus we
say that ψ is locally, but not globally, Lipschitz; this remains true in the general
case.

We begin our proof of Theorem 4.1 with the following remarks and lemma.
Suppose that E is a pseudo–indifference set in Rp

+, and that x ∈ E. Then the ray
{tx; t ≥ 0} meets E at, and only at, the point x, so that we can map E bijectively
onto a subset E∗ of S ∩ Rp

+ by the radial projection map ϕ : x 7→ x/‖x‖. We
denote the inverse of the map ϕ : E → E∗ by ψ : E∗ → E. To be consistent with
the notation for E and E∗, we denote the image ϕ(x) of a point x in E by x∗; thus
x∗ = x/‖x‖. These definitions are illustrated in Figure 1.

Lemma 4.5. Let E be a pseudo–indifference set in Rp
+, and suppose that e ∈ E,

where e > 0. Then, for each positive t, the map ψ is Lipschitz on the set

E∗t = {(y1, . . . , yn) ∈ E∗ : y j > t, j = 1, . . . , n},

with Lipschitz constant (2/t2)‖e‖.

13



E = ψ (A)

S

A = E∗ = ϕ (E)

x∗ = ϕ (x)

x = ψ (x∗)

Figure 1: The mappings ϕ and ψ between E and A

Proof. We suppose that t > 0. Now take u in E; since u > e is false, there is
some integer q such that u∗q‖u‖ = uq ≤ eq ≤ ‖e‖. Thus if ψ(u) ∈ ψ(E∗t ) then

‖u‖ ≤ ‖e‖/t. (4.3)

Next, for u∗ and v∗ in E∗t , we have∣∣∣∣∣∣u∗iv∗i
− 1

∣∣∣∣∣∣ =
|u∗i − v∗i |

v∗i
≤ ‖u∗ − v∗‖/t, i = 1, . . . , p,

and this shows that for each i,

1 −
‖u∗ − v∗‖

t
≤

u∗i
v∗i
≤ 1 +

‖u∗ − v∗‖

t
.

As v > u is false, there is some j with u j ≥ v j and hence u∗j‖u‖ = u j ≥ v j =

v∗j‖v‖. Thus
‖v‖

‖u‖
≤

u∗j
v∗j
≤ 1 +

‖u∗ − v∗‖

t
. (4.4)

Similarly, as u > v is false, there is some k with vk ≥ uk, and hence

‖v‖

‖u‖
≥ 1 −

‖u∗ − v∗‖

t
. (4.5)
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So, from (4.3), (4.4) and (4.5),∣∣∣∣‖u‖ − ‖v‖∣∣∣∣ ≤ ‖u‖ ‖u∗ − v∗‖t
≤
‖e‖ ‖u∗ − v∗‖

t2 .

Finally, it follows that (with, for example, ru = ‖u‖),

‖ψ(u∗) − ψ(v∗)‖ = ‖u − v‖

= ‖ruu
∗ − rvv

∗‖

≤ ‖ruu
∗ − ruv

∗‖ + ‖ruv
∗ − rvv

∗‖

= ‖u‖ ‖u∗ − v∗‖ +
∣∣∣∣‖u‖ − ‖v‖∣∣∣∣

≤
2‖e‖

t2 ‖u
∗ − v∗‖ (4.6)

The proof of Lemma 4.5 is complete. �

As the lemma establishes that ψ is locally Lipschitz, repeated application of
Theorem 4.3’s corollary then establishes Theorem 4.1. This, in turn, allows us
to finally establish what we feel to be the more natural interpretation of Jordan’s
conjecture:

Theorem 4.6. A stable set, S , inA has dimension less than or equal to m(n−1)−1.

Proof. The proof initially follows that of Theorem 3.3. The proof of Lemma
3.4 establishes that a balance of power locus may be derived from a pseudo–
indifference set by measure-preserving transformations; thus, the set of points
satisfying β j (x) = β j (y) = 0 for at least one j, has, by Theorem 4.1, Hausdorff
dimension less than or equal to m (n − 1) − 1. Again, the result follows as there
are at most finitely many allocations x ∈ S that do not satisfy this condition. �

5 Allocation and Edgeworth space representations
So far we have regarded a stable set as a subset ofA, the set of allocations. How-
ever, the most natural domain of Jordan’s conjecture is the Edgeworth space E, as
defined below. In this section we show that, although these spaces are technically
different, E can be identified withA in such a way that a measure–theoretic result
about one of these spaces can easily be transferred to the other space. In particular,
null sets in one model correspond to null sets in the other.

Before proceeding, we fix concepts with reference to the more familiar Edge-
worth box in the two–good two–agent case. Here the allocation space lies in R4,
but the Edgeworth box lies in R2. It was Pareto [1906] who made the appealing
geometric observation that each point in the unit square [0, 1]2 in R2 represents
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the allocation to the first agent, and the co–ordinates of this same point relative
to a new origin taken at (1, 1) (and all co-ordinate directions reversed) gives the
allocation to the second agent. The essential feature is that the Edgeworth box lies
in a lower dimensional space than does the set of allocations.

π ({1} ,x) > π ({2} ,x)

x11

x21

x22

x12

∼2

∼1

O1

O2

Figure 2: An internally stable set in E1 × E1 with n = 2

Figure 2 depicts an internally stable set in this case.9 The dashed line denotes
the balance of power locus, B

(
t1, t2

)
, where ti is the tyrannical allocation grant-

ing agent i all the resources in society.10 By axiom SR, agent 1 is strictly more
powerful than agent 2 for allocations to its northeast, and vice versa.

The indifference curve for each agent that lies tangent to the balance of power
locus is depicted as ∼i. The interval of allocations lying between the two tangen-
cies forms an internally stable set as, for any x and y along that locus, π

(
Ix�y,x

)
=

π
(
Iy�x,x

)
. Adding {(0, 0), (1, 1)} to this set leaves it internally stable, while mak-

ing it externally stable as well. Consistent with Theorem 2.8, it is a subset of a
balance of power locus, B

(
t1, t2

)
, and two isolated allocations, t1 and t2.

This construction illustrates both the original proof technique in Jordan [2006],
and how it must be modified for multiple goods. A sequence of three allocations
in the stable set, x1,x2,x3, such that x1

1 < x2
1 < x3

1 can be formed by setting

9See Rowat [2009] for a more detailed presentation.
10This is only drawn this as a straight line for expositional simplicity.
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x1 = t2 and x3 = t1; a fourth allocation from a stable set cannot be added to
such a sequence. However, an infinite sequence, xk for k = 1, . . ., maintaining
Ixk+1�xk = {1} and Ixk�xk+1 = {2}, as before, is possible: the sequence need merely
contain an interval of the balance of power locus.

Consistent with Jordan’s conjecture, the stable set depicted in Figure 2 has
zero area. It is also a curve of dimension one, a much stronger claim.

To proceed beyond this dominant case, we next consider the special case in
which a unit endowment of a single good is shared between the agents in I =

{1, . . . , n}. Then the allocation space reduces to

A1 =
{
(x1, . . . , xn) ∈ Rn : x j ≥ 0, x1 + · · · + xn = 1

}
, (5.1)

where x j is the allocation to agent j. Since xn is completely determined by the
other allocations via xn = 1 − (x1 + · · · + xn−1), it is sufficient to consider the
corresponding Edgeworth space

E1 = {(x1, . . . , xn−1) ∈ Rn−1 : x1, . . . , xn−1 ≥ 0, x1 + · · · + xn−1 ≤ 1}, (5.2)

which lies in Rn−1 rather than in Rn. However, it is convenient to identify E1 with
the subset

{(x1, . . . , xn−1, 0) ∈ Rn : x1, . . . , xn−1 ≥ 0, x1 + · · · + xn−1 ≤ 1},

and this is obtained by the following map:

Definition 5.1. The Edgeworth map, E, is the vertical projection map of Rn onto
Rn−1 × {0} given by E(x1, . . . , xn) = (x1, . . . , xn−1, 0).

The case of n = 3 is illustrated in Figure 3. In this case, A1 is the triangle
in R3 with vertices (1, 0, 0), (0, 1, 0) and (0, 0, 1), and E1 is the triangle in R2 with
vertices (0, 0), (0, 1) and (1, 0). If we identify E1 with a subset of the plane x3 = 0,
then we can regard E1 as the triangle in R3 with vertices (0, 0, 0), (0, 1, 0) and
(1, 0, 0), andA1 projects vertically downwards onto E1.

Theorem 5.2. The Edgeworth map E mapsA1 onto E1, and satisfies

‖E(x) − E(y)‖ ≤ ‖x − y‖ ≤ 2
√

n − 1 ‖E(x) − E(y)‖,

where ‖x − y‖ is the Euclidean distance in Rn.

Proof. Since E(x1, . . . , xn−1, xn) = (x1, . . . , xn−1, 0), the first inequality is clear. To
verify the second inequality, if t = (t1, . . . , tm) we write ‖t‖1 = |t1|+ · · ·+ |tm|. Then,
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x2

x3

x1

E1 = E
(
A1

)

A1

x

E (x)

Figure 3: The Edgeworth map, E, for a single good when n = 1

as xn = 1 − (x1 + · · · + xn−1), we have

‖x − y‖ ≤ ‖x − y‖1

= ‖E(x) − E(y)‖1 + |xn − yn|

≤ ‖E(x) − E(y)‖1 +

n−1∑
i=1

|xi − yi|

= 2 ‖E(x) − E(y)‖1
≤ 2

√
n − 1 ‖E(x) − E(y)‖,

where the last inequality comes from the Cauchy–Schwarz inequality. �

This allows us to transfer measure–theoretic results between A1 and E1. In
particular, a set of (n − 1)–dimensional measure zero in E1 corresponds to a set of
(n − 1)–dimensional measure zero in the subsetA1 of Rn.

A similar reasoning to that given above applies to the case of n agents and m
goods, each with unit aggregate. The allocation and Edgeworth spaces are now
the spaces

A ≡ A1 × · · · × A1, E ≡ E1 × · · · × E1, (5.3)

respectively, where each product has m factors. Note that A ⊂ Rmn and E ⊂
Rm(n−1) although (as above) we can identify E with a subset of Rmn in which n of
the co-ordinates are zero. Theorem 5.2 extends in the obvious way in the m–goods
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case to the natural product of projection maps between the product spaces in (5.3).
Thus we have the following definition and result:

Definition 5.3. The Edgeworth map E ofA onto E is the map

E(x1, . . . ,xm) =
(
E(x1), . . . , E(xm)

)
.

Theorem 5.4. The Edgeworth map E ofA onto E satisfies

‖E(x) −E(y)‖ ≤ ‖x − y‖ ≤ K ‖E(x) −E(y)‖, (5.4)

for some K, where ‖x − y‖ is the Euclidean distance in Rmn.

The theorem thus establishes that the Edgeworth map E is bi–Lipschitz.

Proof. The proof exactly parallels that of Theorem 5.2, but beginning with

E(x1, . . . ,xm) =
(
(x1,1, . . . , x1,n−1), . . . , (xm,1, . . . , xm,n−1)

)
.

The first inequality is again clear. The second generalises naturally

‖x − y‖ ≡

√√ m∑
j=1

n∑
i=1

(x j,i − y j,i)2

≤‖x − y‖1

≡

m∑
j=1

n∑
i=1

|x j,i − y j,i|

=‖E(x) −E(y)‖1 +

m∑
j=1

|x j,n − y j,n|

≤‖E(x) −E(y)‖1 +

m∑
j=1

n−1∑
i=1

|x j,i − y j,i|

=2‖E(x) −E(y)‖1
≤K‖E(x) −E(y)‖.

�

Applying Lemma 3.4’s map, σ (·), to A changes the orthant of operations,
but not distances between allocations under it. Thus, Theorem 5.4 also applies
when the Edgeworth map, E, maps from σ (A): null sets in σ (A) therefore cor-
respond to null sets in σ (E), and conversely. Finally, it follows that null sets
in A correspond to null sets in E, and conversely. Concretely, establishing that
the Edgeworth map, E is bi-Lipschitz allows the conclusion that a stable set has
dimension at most m (n − 1) − 1, one less than the dimension of E.
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A Examples of Haudorff dimension
This appendix provides examples of Hausdorff dimension to further illustrate the
motivation for its use.

A.1 Countable sets
Any countable set E in Rp has Hausdorff dimension zero. To see this, let E =

{y1,y2, . . .}, where yj = (y j
1, . . . , y

j
p), and suppose that t > 0; we must show that

H t(E) = 0. Take any positive δ and let Bn = {(x1, . . . , xp) : |yn
j − x j| < δ/2n/t}.

Then Bn is an open box centred at yn of diameter 2δ
√

p/2n/t, so that

0 ≤ H t(E) ≤ lim
δ→0

∑
n

(
2δ
√

p
2n/t

)t

= lim
δ→0

(2δ
√

p)t = 0.

A.2 Cantor sets
The classical Cantor ‘middle–third’ (or ternary) set, C, is constructed by repeat-
edly removing the symmetric middle third of each interval arising in the construc-
tion, beginning with that of the initial interval, [0, 1]; see Figure 4. This con-
struction can be extended by the inclusion of a parameter a in (0, 1

2 ) as follows.
Beginning with the interval [0, 1] in R, repeatedly remove a symmetric interval
whose length is a fraction a of the length of its ‘parent’ interval (n.b. a = 1

3 gives
the classical Cantor set). The resulting Cantor set C(a) is totally disconnected and
has, as was already known to Hausdorff, Hausdorff dimension

da =
log 2

log(1/a)
.

In particular, the classical Cantor set has dimension log 2/ log 3. More generally,
as a moves continuously from 0 to 1

2 , so da moves continuously from 0 to 1. Thus,
given any k in [0, 1], there is a subset of R with Hausdorff dimension k. Hence,
the p–fold product set C(a) × · · · ×C(a) has Hausdorff dimension pda.

In conclusion, given any k in [0, p], the Cantor set construction enables gen-
eration of a p-dimensional measure zero subset of Rp with Hausdorff dimension
k. Trivially, the classical Cantor set constructed in the plane has 2-dimensional
measure zero, and dimension less than one.

A.3 The von Koch curve
Finally, the von Koch ‘snowflake’ curve is constructed iteratively by starting with
an equilateral triangle and by replacing the middle interval of each line segment
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with two line segments, each of the same length as the remaining segments; see
Figure 5. The dimension of the von Koch curve is log 4/ log 3; as above, varying
the geometry also varies the curve’s dimension. Constructed in the plane, the von
Koch curve provides a complementary example to that above: a 2-dimensional
measure zero set with Hausdorff dimension strictly greater than 1.

Figure 4: Cantor sets: measure zero sets
smaller than dimension one

a

Figure 5: von Koch: measure zero curves
larger than dimension one
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ciale. Società Editrice Libraria, Milan, 1906.

M. Piccione and A. Rubinstein. Equilibrium in the jungle. Economic Journal,
117(522):883–896, July 2007.

C. Rowat. An exchange economy with pillage. mimeo, June 2009.

22



D. Saxton. Strictly monotonic multidimensional sequences and stable sets in pil-
lage games. mimeo, October 2009.

L. S. Shapley. A solution containing an arbitrary closed component. In A. W.
Tucker and R. D. Luce, editors, Contribution to the theory of games, volume IV
of Annals of Mathematical Studies, pages 87 – 93. Princeton University Press,
Princeton, 1959.

J. von Neumann and O. Morgenstern. Theory of Games and Economic Behavior.
Princeton University Press, 1st edition, 1944.

23


	Introduction
	Pillage games and stable sets
	Pseudo–indifference sets have measure zero
	Hausdorff dimension
	Allocation and Edgeworth space representations
	Examples of Haudorff dimension
	Countable sets
	Cantor sets
	The von Koch curve


