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Definition: A Heron triangle is one with integer area 

and side lengths. For instance, this famous triangle:

Question: Is a Heron triangle uniquely determined 

by the values of its area and perimeter?



Brahmagupta’s formula* for the area A of a cyclic 
quadrilateral with sides a, b, c and d.

where s denotes the 

semi-perimeter

Now set d = 0 for Heron’s formula for the area of a 
triangle

__________

*c.600 AD

s =
a + b + c + d

2

A = s(s − a)(s − b)(s − c)

A = (s − a)(s − b)(s − c)(s − d)



We want to study triangles with a given area A 

and perimeter 2s. But how best to parameterize 

them?

One way would be to think of them as triples

(a,b,c) formed from the lengths their sides and 

regarded as elements in Euclidean 3-space E3. 

The image in E3 of the set of Heron triangles 

satisfies a number of constraints (e.g. a + b  > c 

> 0. etc) does not appear to have a tractable 

structure that might give new insights. We 

therefore look elsewhere.



From the diagram we have

A = rs, 

where r  is the radius of the

incircle to the triangle. 

So all the triangles with given values of A and s 

have the same incircle and are therefore 

determined by the angles α, β and γ. 

It proves fruitful to parametrize the triangles 

with a given area A and perimeter 2s in terms of 

these angles.



By elementary trigonometry we have
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We conclude that

which is an elliptic curve of degree 3 amenable to the 

advanced methods of algebraic geometry. 

Every triangle with a given value of k (= s2/A) 

corresponds to a point on this elliptic curve in the 

region defined by

For the (3-4-5) triangle shown at the outset, the radius 

r of the incircle is 1, k = 6,  and the coordinates

take on the values 1, 2 and 3 in some order.

x2y + xy2 − kxy + k = 0

x > 0, y > 0 and xy >1
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The elliptic curve �

x2y + xy2 − 6xy + 6 = 0

The secant method: 

Starting with red line 

joining the 2 points

(1,2) and (2,3)

join (3,2) to the point 

where red line meets the 

curve for a new point� .

ho



The new point � we obtain on the elliptic curve 
has coordinates (54/35, 25/21) and this 
corresponds to a triangle with sides

41/15, 101/21 and 156/35

which has perimeter 12 and area (by Heron) equal
to

CARRY ON SECANTING

6(6-(41/15))(6-(101/21))(6-(156/35)) = 6



You can create as many new triangles as you like in 
this way ! The coordinates of each new point involve 
solving a cubic equation with two known roots.

• Elliptic curves are central to research in number 
theory. They have applications to the cryptographic 
schemes behind secure web transactions, and they 
played a key role in the proof of Fermat's Last 
Theorem. 

• Ronald van Luijk has used deep results in algebraic 
geometry to prove that there exist infinitely many 
families, each containing infinitely many triangles 
with rational sides and rational area and all with the 
same perimeter and area.




