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1. Introduction

Much of the literature on dominant strategy mechanism design has been concerned with the

question of whether, and how, ex post efficient mechanisms can be truthfully implemented

in dominant strategies (notable recent exceptions are Mookherjee and Reichelstein (1992),

Chung and Ely (2002) and Bikhchandani et al. (2006)).1 However, there are many important

economic settings in which ex post efficient mechanisms cannot be truthfully implemented

if the mechanism has to satisfy additional requirements, even if the weaker solution concept

of Bayes Nash equilibrium is used. Examples include the Myerson and Satterthwaite (1983)

impossibility theorem, the design of budget-balanced public good provision mechanisms with

interim participation constraints (Güth and Hellwig (1986)), and the design of arbitration

mechanisms in the compromise model of Börgers and Postl (2009). In light of the recent

emphasis in the mechanism design literature on robust mechanism design (see Chung and

Ely (2002) and Bergemann and Morris (2005)), it seems natural to seek characterizations of

mechanisms that can be truthfully implemented in dominant strategies.

In this paper, we focus on dominant strategy incentive compatible decision rules in the

compromise model of Börgers and Postl (2009). The question of what shape these deci-

sion rules take is of broader interest because of the close formal connection between the

compromise model and classical models of mechanism design for public good provision. In

studying dominant strategy implementation of budget-balanced public good provision mech-

anisms with voluntary participation, the literature has so far restricted itself to deterministic

mechanisms which specify, on the basis of the participants’ stated preferences, whether or

not the public good will be provided (Chung and Ely (2002) characterize such mechanisms,

allowing for the possibility of interdependent valuations, while Börgers (2006) provides a

characterization for two agents with private valuations).

We view our study of dominant strategy incentive compatible arbitration mechanisms

in the compromise setting as a first step in the search for ex post individually rational

1Bikhchandani et al. (2006) study dominant strategy implementation in models where agents’ types are
multidimensional. Chung and Ely (2002) study ex post implementation in settings where agents’ types are
affiliated. However, in the special case of private types, ex post implementation is equivalent to dominant
strategy implementation.
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and budget-balanced dominant strategy implementable probabilistic public good provision

mechanisms. The reason is that the compromise model of Börgers and Postl (2009) is

essentially a model of public good provision for two agents who face individual liquidity

constraints that limit the payments they can be asked to make towards the public good over

and above the requirement of budget-balance.2 However, unlike in canonical public good

models, agents in the compromise setup cannot opt out of the proposed mechanism. It is not

difficult, though, to amend the compromise model by outside options for the agents, which

allows insights into the effect that participation constraints have on the shape of dominant

strategy arbitration mechanisms.

Our main contribution in this paper is the characterization of the set of dominant strat-

egy arbitration mechanisms in the compromise setup. Based on the public good analogy,

this result offers a characterization of the set of dominant strategy incentive compatible and

budget-balanced public good provision mechanisms. It turns out that any such mechanism

involves “payments” by the agents that automatically satisfy the individual liquidity con-

straints. In other words, with dominant strategy implementation, the key distinguishing

feature of the compromise model (i.e. the agents’ liquidity constraints) ceases to play a

role, and consequently the set of dominant strategy mechanisms in the compromise model

is identical to the set of budget-balanced provision mechanisms in the corresponding public

good model.

The key component of any budget-balanced dominant strategy mechanism is the public

good provision rule, which determines, conditional on the agents’ valuations, the probability

of public good provision. Our characterization of the set of dominant strategy incentive

compatible and budget-balanced mechanisms implies restrictions on the shape that public

good provision rules can take.3 Providing a sharp characterization of the provision rules

that satisfy these restrictions is a difficult problem. However, for the class of deterministic

public good provision mechanisms, we are able to provide a complete description of the

2While formally a model without transferable utility, agents in the compromise setup pay for a given
probability of obtaining a compromise outcome by surrendering probability of their respective favorite al-
ternatives. This is why individual liquidity constraints arise implicitly.

3These restrictions go further than the monotonicity requirement that usually characterizes dominant
strategy mechanisms in the literature such as Mookherjee and Reichelstein (1992).
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set of budget-balanced dominant strategy provision rules.4 This set is a strict superset of

the one obtained by Börgers (2006) for the canonical public good model with participation

constraints.

When it comes probabilistic public good provision rules, it is decidedly more difficult

to obtain necessary and sufficient conditions for dominant strategy incentive compatibility.

We show that a sufficient condition for budget-balanced dominant strategy implementation

is additivity of the public good provision rule, i.e. the provision rule is the sum of two

nondecreasing functions, one of which depends solely on the valuation of the first agent,

and the other on the valuation of the second agent. However, our results on deterministic

mechanisms demonstrate that additivity is not necessary in general. By adopting a differen-

tial approach, we show that for continuously differentiable provision rules additivity is both

necessary and sufficient for dominant strategy implementation.5

A restriction to continuously differentiable provision rules is obviously not entirely satis-

factory. While our necessary condition for differentiable provision rules remains valid under

weaker assumptions, it ceases to be sufficient once we move outside the class of continuously

differentiable provision rules. We show by means of an example that for provision rules that

display jump-discontinuities (as is the case with deterministic mechanisms) our necessary

condition must be complemented by additional conditions in order to ensure sufficiency.

For probabilistic public good provision mechanisms we also study the effect that partic-

ipation constraints have on the shape of dominant strategy provision rules. We can show

that in the presence of participation constraints any additive public good provision rule is

“degenerate”, in that it provides the public good with probability zero for almost all valua-

tions of the agents. This finding suggests that the focus on deterministic mechanisms in the

existing literature may not be overly restrictive.

The structure of this paper is as follows: Section 2 introduces the model and basic

definitions. Section 3 contains our main contribution, namely the characterization of the

set of dominant strategy decision rules. In Section 4, we fully characterize deterministic

4At the end of the paper, we complement our results on deterministic mechanisms with a brief charac-
terization of symmetric welfare-maximizing provision mechanisms.

5See Laffont and Maskin (1980) for a differential approach to efficient public good provision rules.
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provision rules. Section 5 contains our results for dominant strategy implementation of

differentiable mechanisms. Finally, in Section 6 we provide a characterization of optimal

symmetric deterministic provision mechanisms.

2. The Model

Two agents i = 1, 2 must choose one alternative from the set {a0, a1, a2}. Each agent i prefers

alternative ai over alternative a0, and alternative a0 over alternative a−i (subscript −i refers

to the agent other than i). These ordinal preferences are common knowledge. We refer to

alternative a0 as the compromise because it is the middle-ranked alternative of both agents.

Agent i’s von Neumann Morgenstern utility function is ui : {a0, a1, a2} → R. Utilities are

normalized so that u1(a1) = u2(a2) = 1 and u1(a2) = u2(a1) = 0. These aspects of the von

Neumann Morgenstern utility functions are common knowledge. For each agent i = 1, 2 we

denote by ti the utility of the compromise ui(a0). We refer to ti ∈ [0, 1] as agent i’s type.

Each agent observes his own type, but not that of the other agent.

Definition 1 A decision rule is a function f : [0, 1]2 → ∆({a0, a1, a2}), where ∆({a0, a1, a2})
is the set of all probability distributions over {a0, a1, a2}.

Denote by fi(t1, t2) the probability that decision rule f assigns to agent i’s favorite

alternative if types are (t1, t2), and let f0(t1, t2) denote the probability that f assigns to the

compromise. For a decision rule f and types (t1, t2), agent i’s expected utility is fi(t1, t2) +

f0(t1, t2)ti. As the agents’ types are privately observed, only incentive compatible decision

rules can be implemented.

Definition 2 A decision rule f is dominant strategy incentive compatible if for all

i = 1, 2, all ti, t
′
i ∈ [0, 1] and all t−i ∈ [0, 1]:

fi(ti, t−i) + f0(ti, t−i)ti ≥ fi(t
′
i, t−i) + f0(t

′
i, t−i)ti.

As demonstrated by Börgers and Postl (2009), the compromise model can be re-interpreted

as a model of mechanism design for the provision of a public good. By introducing into the
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compromise model a default outcome in which agent i’s favorite alternative is selected with

probability δi ∈ [0, 1] (i = 1, 2 and δ1 + δ2 = 1), we can view the difference δi − fi(t1, t2)

as agent i’s “payment” towards a public good (i.e. the compromise) when types are (t1, t2).

The definition of decision rules above implies individual liquidity constraints for the agents,

which arise because the probability of each agent’s favorite alternative is a number between

zero and one: Agent i’s “payment” towards the public good must therefore be a number in

[δi − 1, δi] for all (t1, t2). It is customary in the public goods context to assume that agents

are free to opt out of any proposed mechanism. If we allow for voluntary participation in

the modified compromise setup the following individual rationality constraints have to be

taken into account:

Definition 3 A decision rule is ex post individually rational if, for every type-pair,

each agent’s expected utility from the decision rule is no lower than his expected utility from

the default outcome:

fi(ti, t−i) + f0(ti, t−i)ti ≥ δi for all i = 1, 2 and all ti, t−i ∈ [0, 1].

3. Characterization of Dominant Strategy Decision Rules

In this section, we investigate the structure of the set of decision rules that are domi-

nant strategy incentive compatible. For this purpose, we adapt to the compromise setting

the characterization of dominant strategy incentive compatibility that is familiar from the

mechanism design literature on quasilinear environments with transferable utility.6 Addi-

tional structure arises in the compromise setup because decision rules are probability distri-

butions. The following result characterizes the set of dominant strategy decision rules. If

the compromise model is given a public good interpretation, then our result describes the

set of dominant strategy incentive compatible and budget-balanced mechanisms.

Proposition 1 Given a function f0 : [0, 1]2 → [0, 1] and constants f1(1, 1), f2(1, 1) ∈ [0, 1]

such that f1(1, 1) + f2(1, 1) = 1 − f0(1, 1), there exist functions fi (i = 1, 2) such that

(f0, f1, f2) is a dominant strategy incentive compatible decision rule if and only if:

6see, e.g., Chapter 3.3.1 in Milgrom (2004)
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(i) For all (t1, t2) ∈ [0, 1]2: f0(t1, t2) is nondecreasing in ti (i = 1, 2).

(ii) For every (t1, t2) ∈ [0, 1]2:

f1(t1, t2) = f1(1, 1) + f0(1, t2)t2 +
∫ 1

t2
f0(1, s)ds− f0(t1, t2)t1 −

∫ 1

t1
f0(s, t2)ds,

f2(t1, t2) = f2(1, 1) + f0(t1, 1)t1 +
∫ 1

t1
f0(s, 1)ds− f0(t1, t2)t2 −

∫ 1

t2
f0(t1, s)ds,

(iii) For every (t1, t2) ∈ [0, 1]2:

[f0(t1, 1)− f0(t1, t2)]t1 + [f0(1, t2)− f0(t1, t2)]t2 − [f0(1, 1)− f0(t1, t2)]

+

∫ 1

t1

[f0(s, 1)− f0(s, t2)]ds +

∫ 1

t2

[f0(1, s)− f0(t1, s)]ds = 0.

The proof of Proposition 1 is in the Appendix. The first item in Proposition 1 is self-

explanatory. The second item states that the probability of each agent i’s favorite alternative

is determined by the probability of the compromise f0 up to an additive constant fi(1, 1).

Our proof of Proposition 1 shows that the probabilities of the agents’ favorite alternatives in

item (ii) always take values in [0, 1]. Given our public goods interpretation of the compromise

model, this shows that the agent’s liquidity constraints are not binding. Finally, the third

item of Proposition 1 captures the requirement that the probability f0 of the compromise

and the probabilities fi of the agents’ favorite alternatives in item (ii) together sum up to

one for every type-pair. Proposition 1 reveals the structure of the set of dominant strategy

incentive compatible decision rules. However, for a full characterization of dominant strategy

rules we need to know which functions f0 satisfy item (iii) of Proposition 1. What shape do

these functions take? The following proposition gives a sufficient condition for a function f0

to be part of a dominant strategy incentive compatible decision rule.

Proposition 2 Suppose f0 is an additive function: f0(t1, t2) = f 1
0 (t1) + f 2

0 (t2), where f i
0 :

[0, 1] → [0, 1] (i = 1, 2) are nondecreasing functions. Given constants fi(1, 1) ∈ [0, 1] such

that f1(1, 1) + f2(1, 1) = 1 − f 1
0 (1) + f 2

0 (1), and functions f1 and f2 given by item (ii) of

Proposition 1, the decision rule (f0, f1, f2) is dominant strategy incentive compatible.
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Proof. The monotonicity of the functions f i
0 implies that f0 satisfies item (i) of Proposition

1. This, in turn, ensures that f0 is Riemann integrable, and therefore the integrals in items

(ii) and (iii) are well-defined. Additivity of f0 implies for all i = 1, 2 and all ti, t
′
i, t−i ∈ [0, 1]:

f0(t
′
i, t−i) − f0(ti, t−i) = f i

0(t
′
i) − f i

0(ti). It is now straightforward to verify that item (iii) of

Proposition 1 is satisfied.

Q.E.D.

The following example provides an illustration of additive decision rules:

Example 1 Consider the decision rule f where for all i = 1, 2 and all (t1, t2) ∈ [0, 1]2:

f0(t1, t2) = 0.5(t1 + t2),

fi(t1, t2) = 0.5(1− t−i)− 0.25(ti − t−i)(ti + t−i).

It is easy to verify that the three components of this decision rule add up to one for all

type-pairs, and that it is a dominant strategy for each agent to report his type truthfully.

Obtaining from item (iii) of Proposition 1 a necessary condition for a function f0 to be

part of a dominant strategy incentive compatible decision rule is difficult in general. In the

next section we therefore restrict attention to a specific class of decision rules for which a

full characterization of dominant strategy decision rules can be obtained.

4. Binary Decision Rules

In this section we focus on binary decision rules for which, conditional on the agents’ types,

the probability of the compromise is either zero or one. Binary decision rules in our setting

without transferable utility are the analogue of deterministic mechanisms in settings with

quasilinear preferences and transferable utility.

Definition 4 A decision rule f is a binary decision rule if f0 : [0, 1]2 → {0, 1}.

The following result shows that dominant strategy binary decision rules are threshold

rules. The proof is in the Appendix.
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Proposition 3 A binary decision rule is dominant strategy incentive compatible if and only

if it belongs to one of the following three categories:7

I. Binary decision rules that depend on neither agent’s type:

(i) f0(t1, t2) = 1 and f1(t1, t2) = 0 for all (t1, t2) ∈ [0, 1]2

(ii) f0(t1, t2) = 0 and f1(t1, t2) = a for all (t1, t2) ∈ [0, 1]2 and any a ∈ [0, 1]

II. Binary decision rules that depend on one agent’s type:

There is an agent i (i = 1, 2) and a threshold τi ∈ (0, 1) such that for all (t1, t2) ∈ [0, 1]2:

f0(t1, t2) = 0 and fi(t1, t2) = τi if ti < τi,

f0(t1, t2) = 1 and fi(t1, t2) = 0 if ti ≥ τi.

III. Binary decision rules that depend on both agents’ types:

(i) There are thresholds τ1, τ2 ∈ (0, 1) with τ1+τ2 = 1 such that for all (t1, t2) ∈ [0, 1]2:

f0(t1, t2) = 0 and f1(t1, t2) = τ1 if t1 < τ1 ∧ t2 < τ2,

f0(t1, t2) = 1 and f1(t1, t2) = 0 otherwise.

(ii) There are thresholds τ1, τ2 ∈ [0, 1] with τ1+τ2 = 1 such that for all (t1, t2) ∈ [0, 1]2:

f0(t1, t2) = 1 and f1(t1, t2) = 0 if t1 ≥ τ1 ∧ t2 ≥ τ2,

f0(t1, t2) = 0 and f1(t1, t2) = τ1 otherwise.

If we interpret the compromise model as a public good model and impose individual

rationality constraints, we can easily obtain from Proposition 3 the following result:

Corollary 1 A binary decision rule is dominant strategy incentive compatible and ex post

individually rational if and only if it belongs to one of the following categories in Proposition

7We list in each category, and for every (t1, t2), only the probabilities of two alternatives. The probability
of the omitted alternative can be computed by subtracting from one the probabilities given in the proposition.
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3: Category I.(ii) with fi(t1, t2) = δi for i = 1, 2, and Category III.(ii) with τi = δi for

i = 1, 2.

The proof is in the Appendix. The set of individually rational dominant strategy binary

decision rules characterized in Corollary 1 corresponds to the set of dominant strategy ex post

individually rational and ex post budget balanced deterministic mechanisms characterized

by Chung and Ely (2002) and Börgers (2006) for the public good setup.

5. Some Results for General Decision Rules

We have shown in Proposition 2 that additive decision rules are dominant strategy in-

centive compatible. However, it is obvious from the previous section on binary decision rules

that additivity of f0 is not necessary for dominant strategy incentive compatibility. The

reason is that binary rules, which are piecewise-constant step functions, are not additive.

We can also easily construct dominant strategy decision rules where the probability of the

compromise is a non-binary piecewise-constant step function:

Example 2 Consider the decision rule f where for all i = 1, 2 and all (t1, t2) ∈ [0, 1]2:

f0(t1, t2) = 0 and fi(t1, t2) = 0.5 if t1, t2 ≤ 0.5,

f0(t1, t2) = 0.25 and fi(t1, t2) = 0.375 if ti < 0.5, t−i ≥ 0.5,

f0(t1, t2) = 1 and fi(t1, t2) = 0 if t1, t2 > 0.5.

It is easy to verify that the three components of this decision rule add up to one for all

type-pairs, and that it is a dominant strategy for each agent to report his type truthfully.

Ideally, one would like to have necessary and sufficient conditions for a function f0 to be

part of a dominant strategy incentive compatible decision rule. In what follows, we derive

a necessary condition adopting a differential approach. Recall from item (i) of Proposition

1 that any function f0 that is to be part of a dominant strategy rule must be nondecreas-

ing. For any nondecreasing function f0, the partial derivatives ∂f0(ti, t−i)/∂ti exist almost

everywhere. However, in order to derive our necessary condition below we have to make
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additional assumptions about f0. In particular, we shall assume that the partial derivatives

∂f0(ti, ·)/∂ti are absolutely continuous, which (among other things) ensures the existence

almost everywhere of the cross partial derivatives of f0. The next proposition provides

our necessary condition for dominant strategy incentive compatibility. The proof is in the

Appendix.

Proposition 4 Suppose f0 is monotonically increasing. Suppose also that for all i = 1, 2

the partial derivative ∂f0(ti, ·)/∂ti is an absolutely continuous function for every ti where the

partial derivative exists. If f0 satisfies item (iii) of Proposition 1, then for all i and almost

all ti, t−i, t′−i ∈ [0, 1]:

∂f0(ti, t−i)

∂ti
=

∂f0(ti, t
′
−i)

∂ti
. (1)

For decision rules that satisfy condition (1) in Proposition 4, the change in the prob-

ability of the compromise in response to a (derivative-sized) change in one agent’s type is

independent of the other agent’s type. It is easy to show that the necessary condition in

Proposition 4 is also sufficient if the partial derivatives of f0 are continuous. To see this, fix

t′−i = 1 and take as given the value of f0 at the highest type ti = 1. Integrating both sides

of (1) from ti up to 1 then yields:

f0(t1, t2) = f0(t1, 1) + f0(1, t2)− f0(1, 1). (2)

It follows immediately from Proposition 2 that item (iii) of Proposition 1 is satisfied. There-

fore, a decision rule (f0, f1, f2), with f0 given by (2) and functions fi (i = 1, 2) given by item

(ii) of Proposition 1, is dominant strategy incentive compatible.

Restricting attention to functions f0 where the partial derivatives are continuous is obvi-

ously too restrictive. However, it is difficult to establish a sufficient condition for dominant

strategy incentive compatibility once we move outside the class of continuously differen-

tiable functions f0.
8 To emphasize this point, we construct an example where the necessary

condition in Proposition 4 is not sufficient:

8While monotonicity of f0 ensures that for every given t−i, the function f0(·, t−i) can only display jump-
discontinuities (and only countably many of such discontinuities), there may nevertheless be a large number
of jumps.
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Example 3 Consider a function f0 that satisfies condition (1) in Proposition 4. Suppose

that for all i = 1, 2 and all t−i ∈ [0, 1], the partial derivative ∂f0(·, t−i)/∂ti is continuous

everywhere, with the exception of a type τi ∈ (0, 1) where the partial derivative displays a

jump-discontinuity. Fix a type t1 < τ1 and integrate both sides of (1) from t1 up to one,

taking account of the jump-discontinuity at τ1. This yields, for any t2 ∈ [0, 1]:

f0(t1, t2) = f0(t1, 1) + f0(1, t2)− f0(1, 1)

+(f+
0 (τ1, 1)− f−0 (τ1, 1))− (f+

0 (τ1, t2)− f−0 (τ1, t2)).
(3)

Equation (3) shows that f0 is given by the additive function in (2) with an extra additive

term that depends on t2 but not t1. In this extra term, the expression f+
0 (τ1, 1) (f−0 (τ1, 1),

resp.) denotes the limit value of f0 as t1 → τ+
1 (as t1 → τ−1 , resp.) when t2 = 1. The

expressions f+
0 (τ1, t2) and f−0 (τ1, t2) for t2 < 1 are defined analogously.

Now consider a type t2 < τ2. Integrating both sides of (1) from t2 up to one yields:

f0(t1, t2) = f0(t1, 1) + f0(1, t2)− f0(1, 1)

+(f+
0 (1, τ2)− f−0 (1, τ2))− (f+

0 (t1, τ2)− f−0 (t1, τ2)).
(4)

For all points (t1, t2) such that t1 < τ1 and t2 < τ2, the expressions for f0(t1, t2) in (3) and

(4) must be identical. This implies that the extra terms in the second line on the right-hand

side of each (3) and (4) are equal and constant. Denoting this constant term by k, we obtain

for all (t1, t2) such that t1 < τ1 and t2 < τ2:

f0(t1, t2) = f0(t1, 1) + f0(1, t2)− f0(1, 1) + k.

Next consider a type t2 > τ2. Integrating both sides of (1) from t2 up to one yields:

f0(t1, t2) = f0(t1, 1) + f0(1, t2)− f0(1, 1) (5)

For all points (t1, t2) such that t1 < τ1 and t2 > τ2, the expressions for f0(t1, t2) in (3) and

(5) must be identical. This implies that the extra term in (3) is equal to zero for all t2 > τ2.
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An analogous argument establishes that f0(t1, t2) is given by (5) for all points (t1, t2) such

that t1 > τ1 and t2 < τ2, which implies that the extra term in (4) is equal to zero for all

t1 > τ1. To summarize:

f0(t1, t2) =





f0(t1, 1) + f0(1, t2)− f0(1, 1) + k if t1 < τ1, t2 < τ2,

f0(t1, 1) + f0(1, t2)− f0(1, 1) otherwise.
(6)

We can now evaluate item (iii) in Proposition 1 using the expression for f0 given in (6).

It is straightforward to verify that at any point (t1, t2) such that t1 < τ1 and t2 < τ2, the

condition in item (iii) of Proposition 1 holds only if: k(1 − τ1 − τ2) = 0. Thus, additional

conditions are required for sufficiency.

We leave to future research a full investigation into the necessary and sufficient conditions

that must be met if a function f0 is to be part of a dominant strategy incentive compatible

decision rule. We conclude this section by re-interpreting the compromise model as a public

good model, imposing the individual rationality constraints in Definition 3. We have the

following result:

Lemma 1 A dominant strategy incentive compatible decision rule for which the probability

of the compromise f0 satisfies condition (1) in Proposition 4 is ex post individually rational

if and only if f1(0, 1) ≥ δ1 and f2(1, 0) ≥ δ2.

In our next result we show that any dominant strategy incentive compatible and ex post

individually rational additive decision rule selects the compromise with probability zero for

almost all type-pairs in [0, 1]2. The proof is in the Appendix.

Proposition 5 Consider an additive dominant strategy incentive compatible decision rule

(f0, f1, f2) with f0(t1, t2) = f 1
0 (t1) + f 2

0 (t2) for all (t1, t2) ∈ [0, 1]2, and fi(1, 1) ∈ [0, δi]

(i = 1, 2) such that f1(1, 1) + f2(1, 1) = 1 − f 1
0 (1) − f 2

0 (1). If the decision rule is ex post

individually rational then:

f i
0(ti) =





0 if ti < 1

ki if ti = 1,

where ki ∈ [0, δi − fi(1, 1)].
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The additive decision rules in Proposition 5 select the compromise with positive proba-

bility only on the boundary of [0, 1]2: For type-pairs (ti, t−i) where ti < 1 and t−i = 1 the

compromise is selected with probability ki, and for the type-pair (t1, t2) = (1, 1) the com-

promise is selected with probability k1 + k2. Proposition 5 suggests that, as in the case of

binary decision rules, the imposition of ex post individual rationality constraints will lead to

a strictly smaller set of implementable decision rules. A thorough investigation of this point

is left for future research into dominant strategy incentive compatible, budget-balanced and

individually rational decision rules.

6. Optimal Binary Decision Rules

In this section, we return to binary decision rules, and ask which rule yields the highest

level of ex ante expected utilitarian welfare. In order to be able to compute ex ante welfare,

we have to assume that the mechanism designer has a well-defined subjective probability

distribution that represents his beliefs about the agents’ types. As pointed out by Chung

and Ely (2007), this assumption introduces an asymmetry into the model: In using dom-

inant strategy decision rules, the mechanism designer avoids completely the need to make

assumptions regarding the agents’ beliefs about each others’ types. Yet at the same time,

the mechanism designer is assumed to have precise subjective beliefs about the agents’ types.

Here, we cast aside any concerns over this asymmetry.9

Suppose the mechanism designer believes that the agents’ types are i.i.d. random vari-

ables with a cumulative distribution function G that has full support [0, 1] and a continuous

density g with g(t) > 0 for all t ∈ (0, 1). The utilitarian welfare of a decision rule f is

then defined as the ex-ante expected value of the sum of the two agents’ utilities. The fact

that decision rules are probability distributions implies that only the probability of the com-

promise f0 matters for welfare considerations. For simplicity, we also restrict attention to

binary decision rules that satisfy the following symmetry condition: f1(t, t
′) = f2(t

′, t) and

f0(t, t
′) = f0(t

′, t) for all (t, t′) ∈ [0, 1]2. Of the dominant strategy binary rules in Proposition

9Chung and Ely (2007) provide a foundation for using dominant-strategy mechanisms in optimal auction
design.
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3, the following are symmetric: Category I.(i), Category I.(ii) with a = 0.5, and Categories

III.(i) and III.(ii) with thresholds τi = 0.5 for i = 1, 2.

We seek to identify symmetric dominant strategy binary decision rules that maximize ex

ante expected utilitarian welfare.10 Note that for all type-pairs (t1, t2) such that t1, t2 > 1/2

a welfare-maximizing symmetric rule must implement the compromise with probability one.

For all type-pairs (t1, t2) such that t1, t2 < 1/2 a welfare-maximizing symmetric rule must

implement the compromise with probability zero. For type-pairs (t1, t2) such that ti > 1/2

and t−i < 1/2 for i = 1, 2 the question of whether or not to implement the compromise

depends on the expected value of t1 + t2 − 1 conditional on one of the types being above,

and the other type being below 1/2. If this conditional expected value is negative, then

the compromise should not be implemented. If, instead, this conditional expected value is

positive, then the compromise should be implemented. To summarize:

Proposition 6 If E[t |t < 1/2]+E[t |t > 1/2] > 1 , then the welfare-maximizing symmetric

dominant strategy binary decision rule is of Category III.(i) with τi = 1/2. If, instead,

E[t |t < 1/2] + E[t |t > 1/2] < 1, then the welfare-maximizing symmetric decision rule is of

Category III.(ii) with τi = 1/2.

7. Appendix

Proof of Proposition 1. Some elements of proof of Proposition 1 are familiar from

the literature. We only provide a sketch of these elements here. We do, however, show in

detail how these familiar elements are used in a characterization of incentive compatibility

that explicitly takes into account the fact that decision rules are probability distributions.

Item (i). The proof is standard and does not depend on the fact that decision rules are

probability distributions. The proof is therefore omitted.

10Welfare-maximizing binary decision rules in Category III. of Proposition 3 feature thresholds τ1 = τ2 =
0.5. Symmetry therefore does not entail a loss of welfare for rules within this Category. However, as
symmetry eliminates binary decision rules in Category II., we would have to compare the welfare of optimal
rules in Categories II. and III. in order to see if symmetry entails a welfare-loss relative to the situation
where all three Categories of binary decision rules can be used. We conjecture that this is not the case.
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Item (ii). The proof makes use of the integral form envelope theorem (see, e.g., Theorem

3.1 in Chapter 3.2 of Milgrom (2004)), which establishes that an agent’s utility under a

dominant strategy incentive compatible decision rule is differentiable almost everywhere

with respect to the agent’s own type, and provides an expression for this partial derivative.

Taking as given the agent’s utility at the highest type (rather than at the lowest type, as is

customary in the literature), we find that if a decision rule is dominant strategy incentive

compatible, then for every i = 1, 2 and every (ti, t−i) ∈ [0, 1]2:

fi(ti, t−i) = fi(1, t−i) + f0(1, t−i)− f0(ti, t−i)ti −
∫ 1

ti

f0(s, t−i)ds. (A.1)

Equation (A.1) states that the probability of an agent’s favorite alternative is determined

by the probability of the compromise up to an additive term given by fi(1, t−i) + f0(1, t−i).

We now show that the fact that the components of a decision rule are probabilities that

sum up to one allows us to express the term fi(1, t−i) + f0(1, t−i) solely in terms of the

function f0 and constants fi(1, 1): Suppose that f is an incentive compatible decision rule,

so that the probabilities f1(t1, t2) and f2(t1, t2) of alternatives a1 and a2, respectively, are

given by equation (A.1). As the probabilities f1, f2 and f0 together sum up to one for every

type-pair we obtain:

f1(1, t2) + f0(1, t2)−
∫ 1

t1

f0(s, t2)ds + f2(t1, 1) + f0(t1, 1)−
∫ 1

t2

f0(t1, s)ds

= 1 + f0(t1, t2)(t1 + t2 − 1). (A.2)

If t1 = 1 equation (A.2) reduces to:

f1(1, t2) + f0(1, t2) + f2(1, 1) + f0(1, 1)−
∫ 1

t2

f0(1, s)ds = 1 + f0(1, t2)t2. (A.3)

Solving equation (A.3) for f1(1, t2) yields:

f1(1, t2) = 1− f0(1, 1)− f2(1, 1) + f0(1, t2)t2 − f0(1, t2) +

∫ 1

t2

f0(1, s)ds (A.4)
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As the three probabilities f0, f1 and f2 sum up to one at every (t1, t2) ∈ [0, 1]2 we have

f1(1, 1) = 1− f0(1, 1)− f2(1, 1). We can therefore write equation (A.4) as:

f1(1, t2) = f1(1, 1) + f0(1, t2)t2 − f0(1, t2) +

∫ 1

t2

f0(1, s)ds. (A.5)

Substituting the expression for f1(1, t2) in (A.5) into the probability of agent 1’s favorite

alternative in (A.1) we obtain:

f1(t1, t2) = f1(1, 1) + f0(1, t2)t2 +

∫ 1

t2

f0(1, s)ds− f0(t1, t2)t1 −
∫ 1

t1

f0(s, t2)ds. (A.6)

Equation (A.6) is the probability of agent 1’s favorite alternative given in item (ii) of Propo-

sition 1. In the same way we can derive the probability of agent 2’s favorite alternative given

in item (ii) of Proposition 1.

We now show that the functions fi in item (ii) of Proposition 1 only take values in [0, 1]

for every (t1, t2) ∈ [0, 1]2. For this purpose, consider the probability of agent 1’s favorite

alternative in (A.6). Fix a value of t2 and consider the behavior of f1(t1, t2) as a function of

t1. The partial derivative w.r.t. t1 is:

∂f1(t1, t2)

∂t1
= −∂f0(t1, t2)

∂t1
t1.

Monotonicity of f0 implies that f1(t1, t2) is nonincreasing for all t1 ∈ [0, 1]. We therefore

only have to show that for any monotone function f0 and all t2 ∈ [0, 1] it holds that f1(1, t2)

is nonnegative and that f1(0, t2) is no larger than one. To show that this true, fix some value

for f0(1, t2) and consider the term:

f1(1, 1) + f0(1, t2)t2 +

∫ 1

t2

f0(1, s)ds, (A.7)

which forms part of the expression for the probability of agent 1’s favorite alternative in

(A.6). We now ask how the choice of function f0 affects the magnitude of (A.7).

First note that for a fixed value of t2, the minimum of (A.7) is attained by setting
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f0(1, s) = f0(1, t2) for all s > t2. This yields:

f1(1, 1) + f0(1, t2)t2 +

∫ 1

t2

f0(1, t2)ds = f1(1, 1) + f0(1, t2). (A.8)

Now obtain from (A.6) the probability of agent 1’s favorite alternative at the point (1, t2),

using the expression in (A.8). Denoting the resulting function by fmin
1 (1, t2), we obtain:

fmin
1 (1, t2) = f1(1, 1) + f0(1, t2)− f0(t1, t2) = f1(1, 1). (A.9)

Equation (A.9) shows that, for all t2 ∈ [0, 1], fmin
1 (1, t2) is equal to the given constant f1(1, 1).

This implies that f1(t1, t2) ≥ f1(1, 1) ≥ 0 for all (t1, t2), as required.

Now note that for a fixed value of t2, the maximum of (A.7) is attained by setting

f0(1, s) = f0(1, 1) for all s > t2. This yields:

f1(1, 1) + f0(1, t2)t2 +

∫ 1

t2

f0(1, 1)ds = 1− f2(1, 1)− t2(f0(1, 1)− f0(1, t2)). (A.10)

Now obtain from (A.6) the probability of agent 1’s favorite alternative at the point (0, t2),

using the expression in (A.10). Denoting the resulting function by fmax
1 (0, t2), we obtain:

fmax
1 (0, t2) = 1− f2(1, 1)− t2(f0(1, 1)− f0(1, t2))−

∫ 1

0

f0(s, t2)ds. (A.11)

Equation (A.11) shows that fmax
1 (0, t2) takes a value smaller than one for all t2 ∈ [0, 1], which

implies that f1(t1, t2) ≤ 1 for all (t1, t2), as required.

Item (iii). The result is obtained by substituting the expressions for f1(1, t2) in (A.5),

and the corresponding expression for f2(t1, 1), into equation (A.2). Noting that f1(1, 1) +

f2(1, 1) = 1− f0(1, 1), we obtain:

f0(t1, 1)t1 + f0(1, t2)t2 − f0(1, 1) +

∫ 1

t1

f0(s1, 1)ds1 +

∫ 1

t2

f0(1, s2)ds2

= f0(t1, t2)(t1 + t2 − 1) +

∫ 1

t1

f0(s1, t2)ds1 +

∫ 1

t2

f0(t1, s2)ds2,
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which can easily be rearranged to yield the expression in item (iii) in Proposition 1.

Q.E.D.

Proof of Corollary 1. It is easy to see that decision rules in Categories I.(ii) and III.(ii)

of Proposition 3 are individually rational for appropriately chosen thresholds/probabilities

of the agents’ favorite alternatives. However, decision rules in Category I.(i) violate ex post

rationality as, for each i = 1, 2, any type ti < δi has strictly lower utility from the decision

rule than in the default outcome. Next note that decision rules in Category II. violate ex

post individual rationality: Consider a decision rule where f0(t1, t2) = 1 for all (t1, t2) such

that t1 > τ1. Then for any (t1, t2) such that t1 > τ1 and t2 < δ2 it holds that agent 2’s utility

is t2, which is strictly lower than in the default outcome. Finally, decision rules in Category

III.(i) violate ex post individual rationality: Consider any (t1, t2) such that t1 < min{τ1, δ1}
and t2 > τ2. In this case, f0(t1, t2) = 1 and agent 1’s utility is t1, which is strictly lower than

in the default outcome.

Q.E.D.

Proof of Proposition 3. It is easy to verify that the binary decision rules in Proposition

3 are dominant strategy incentive compatible. We only prove necessity here by deriving

restrictions that item (iii) of Proposition 1 imposes on functions f0 that are part of a dominant

strategy binary decision rule. For given f0, the expressions for fi (i = 1, 2) follow immediately

from item (ii) of Proposition 1.

Step 1: Suppose there are two type-pairs (t′1, t
′
2) and (t′′1, t

′′
2) with 0 < t′1 < t′′1 < 1 and

0 < t′′2 < t′2 < 1 such that f0(t
′
1, t

′
2) = f0(t

′′
1, t

′′
2) = 1 (see left-hand panel of Fig. 1).

Monotonicity of f0 implies f0(t1, t2) = 1 if (t1 ≥ t′′1 ∧ t2 ≥ t′′2) ∨ (t1 ≥ t′1 ∧ t2 ≥ t′2) (see

right-hand panel of Fig. 1).

When evaluated at (t′1, t
′′
2), item (iii) of Proposition 1 reduces to:

[1− f0(t
′
1, t

′′
2)](t

′
1 + t′′2 − 1) +

∫ t′′1

t′1

[1− f0(s, t
′′
2)]ds +

∫ t′2

t′′2

[1− f0(t
′
1, s)]ds = 0. (A.12)
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Figure 1: Starting point of Step 1 in Proof of Proposition 3

The condition in (A.12) implies either f0(t
′
1, t

′′
2) = 1 (in which case it holds by monotonicity

of f0 that f0(s, t
′′
2) = 1 for all s ∈ (t′1, t

′′
1] and f0(t

′
1, s) = 1 for all s ∈ (t′′2, t

′
2]), or f0(t

′
1, t

′′
2) = 0.

In the latter case, (A.12) reduces to:

t′′1 + t′2 − 1−
∫ t′′1

t′1

f0(s, t
′′
2)ds−

∫ t′2

t′′2

f0(t
′
1, s)ds = 0. (A.13)

(A.13) implies that t′′1 + t′2 ≥ 1 and that there exist types t∗1 ∈ (t′1, t
′′
1] and t∗2 ∈ (t′′2, t

′
2] such

that f0(s, t
′′
2) = 0 if s < t∗1 and f0(s, t

′′
2) = 1 if s ≥ t∗1 and f0(t

′
1, s) = 0 if s < t∗2 and

f0(t
′
1, s) = 1 if s ≥ t∗2. Thus, (A.13) reduces to:

t′′1 + t′2 − 1−
∫ t′′1

t∗1

ds−
∫ t′2

t∗2

ds = 0,

which implies t∗1 + t∗2 = 1. Note that types t∗1 ∈ (t′1, t
′′
1], t∗2 ∈ (t′′2, t

′
2] such that t∗1 + t∗2 = 1 exist

only if: t′′2 < 1 − t∗1 ≤ t′2 ⇔ t∗1 + t′′2 < 1 ≤ t∗1 + t′2. The above condition t′′1 + t′2 ≥ 1 ensures

that there is a value t∗1 such that t∗1 + t′′2 < 1. In order to ensure that there also exists a t∗1

such that 1 ≤ t∗1 + t′2 it must be that case that the lower bound on t∗1 (namely t′1) is such

that t′1 + t′′2 < 1.

To summarize: (A.12) implies either that f0(t
′
1, t

′′
2) = 1 (see left-hand panel of Fig. 2),

or that t′′1 + t′2 ≥ 1 > t′1 + t′′2 and there is a type t∗1 ∈ (t′1, 1 − t′′2] such that f0(t1, t2) = 0 if

(t1 < t∗1) ∧ (t2 < 1− t∗1) and f0(t1, t2) = 1 if (t1 ≥ t∗1 ∧ t2 ≥ t′′2) ∨ (t1 ≥ t′1 ∧ t2 ≥ 1− t∗1) (see

left-hand panel of Fig. 2).
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Figure 2: Illustration of results in Step 1 of Proposition 3

Step 2: Consider a function f0 as shown in the right-hand panel of Fig. 2. Suppose

f0(t
′
1, t

′′
2) = 0. Now pick any t̂1 with 0 ≤ t̂1 < t′1. Monotonicity of f0 implies f0(t̂1, t

′′
2) = 0.

When evaluated at (t̂1, t
′′
2), item (iii) of Proposition 1 reduces to:

[f0(t̂1, 1)− 0]t̂1 + [1− 0]t′′2 − 1 +

∫ t′1

t̂1

[f0(s, 1)− 0]ds +

∫ t∗1

t′1

[1− 0]ds +

∫ 1

t′′2

[1− f0(t̂1, s)]ds = 0.

⇔
t∗1 − t′1 =

∫ 1

t′′2

f0(t̂1, s)ds− f0(t̂1, 1)t̂1 −
∫ t′1

t̂1

f0(s, 1)ds. (A.14)

The left-hand side of (A.14) is strictly positive. Thus, there is a threshold s∗ > t′′2 such that

f0(t̂1, s) = 0 if s < s∗ and f0(t̂1, s) = 1 if s ≥ s∗. Therefore (A.14) implies:

t∗1 − t′1 = 1− s∗ − t̂1 − (t′1 − t̂1) ⇔ s∗ = 1− t∗1.

By the same logic, we can show for any type-pair (t′1, t̂2) with 0 ≤ t̂2 < t′′2 that f0(s, t̂2) = 0

for all s < t∗1 and f0(s, t̂2) = 1 for all s ≥ t∗1. Thus, if f0 is as shown in the right-hand panel

of Fig. 2 and f0(t
′
1, t

′′
2) = 0, then f0 is as described in Category III.(i) of Proposition 1 with

τ1 = t∗1.

Step 3: Consider the left-hand panel of Fig. 2. Suppose that f0(t1, t2) = 0 for all t1 < t′1

(the case where f0(t1, t2) = 0 for all t2 < t′′2 is analogous to what follows and is therefore

omitted). Pick any type-pair (t̂1, t̂2) with 0 ≤ t̂1 < t′1 and 0 ≤ t̂2 < t′′2. At (t̂1, t̂2) it therefore
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holds that f0(t̂1, t̂2) = 0. When evaluated at (t̂1, t̂2), item (iii) of Proposition 1 reduces to:

[f0(1, t̂2)− 0]t̂2 − 1 +

∫ 1

t′1

[1− f0(s, t̂2)]ds +

∫ t′′2

t̂2

[f0(1, s)− 0]ds +

∫ 1

t′′2

[1− 0]ds = 0

⇔
1− t′1 − t′′2 =

∫ 1

t′1

f0(s, t̂2)ds− f0(1, t̂2)t̂2 −
∫ t′′2

t̂2

f0(1, s)ds. (A.15)

First suppose there exists a type s∗ ∈ [t′1, 1) such that f0(s, t̂2) = 0 for all s < s∗ and

f0(s, t̂2) = 1 for all s ≥ s∗. Then (A.15) reduces to:

1− t′1 − t′′2 =

∫ 1

s∗
ds− t̂2 −

∫ t′′2

t̂2

ds ⇔ s∗ = t′1.

It follows that f0 is as described in Category II. of Proposition 1 with τ1 = t′1.

Now suppose that f0(s, t̂2) = 0 for all s ≥ t′1, and that there exists a type s∗ ∈ (t̂2, t
′′
2]

such that f0(1, s) = 0 if s < s∗ and f0(1, s) = 1 if s ≥ s∗. Then (A.15) reduces to:

1− t′1 − t′′2 = −
∫ t′′2

s∗
f0(1, s)ds ⇔ s∗ = 1− t′1.

Such a type s∗ of agent 2 exists only if t̂2 < 1 − t′1 ≤ t′′2. If the types t′1, t̂2, and t′′2 satisfy

this condition, then f0(1, 1 − t′1) = 1. As we have f0(t
′
1, t

′′
2) = f0(1, 1 − t′1) = 1, it follows

from Step 1 that f0(t
′
1, 1 − t′′1) = 1, and therefore f0 is as described in Category III.(ii) of

Proposition 1 with τ1 = t′1.

Q.E.D.

Proof of Proposition 4. Suppose f0 satisfies item (i) of Proposition 1. Suppose also

that the cross partial derivatives ∂2f0(ti, t−i)/∂ti∂t−i exist for almost all t−i ∈ [0, 1] (i = 1, 2).

Now take a point (t1, t2) ∈ (0, 1)2 at which the partial derivatives and cross partial derivatives

of f0 exist. Suppose also that the partial derivatives ∂f0(t1, 1)/∂t1 and ∂f0(1, t2)/∂t2 exist.

Differentiating both sides of the equation in item (iii) of Proposition 1 with respect to t1

yields:

∂f0(t1, 1)

∂t1
t1 +

∂f0(t1, t2)

∂t1
(1− t1 − t2)−

∫ 1

t2

∂f0(t1, s)

∂t1
ds = 0.
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Differentiating both sides of this equation with respect to t2 yields:

∂2f0(t1, t2)

∂t1∂t2
(1− t1 − t2)− ∂f0(t1, t2)

∂t1
+

∂f0(t1, t2)

∂t1
= 0

⇔
∂2f0(t1, t2)

∂t1∂t2
(1− t1 − t2) = 0.

For t1 + t2 6= 1, this equation holds only if ∂2f0(t1, t2)/∂t1∂t2 = 0. Similar steps establish

∂2f0(t1, t2)/∂t2∂t1 = 0.

Q.E.D.

Proof of Lemma 1. Consider a dominant strategy incentive compatible decision rule

f . By the integral form envelope theorem we know that the partial derivative of agent i’s

utility respect to his own type is f0(t1, t2), which implies that his utility is nondecreasing in

his own type for any given type of the other agent. Therefore, a dominant strategy incentive

compatible decision rule is ex post individually rational if and only if f1(0, t2) ≥ δ1 for all

t2 ∈ [0, 1] and f2(t1, 0) ≥ δ2 for all t1 ∈ [0, 1]. We now ask how f1(0, t2) (f2(t1, 0), resp.)

varies with t2( t1, resp.). By item (ii) of Proposition 1:

∂f1(0, t2)

∂t2
=

∂f0(1, t2)

∂t2
t2 −

∫ 1

0

∂f0(s, t2)

∂t2
ds

=

∫ 1

0

(
∂f0(1, t2)

∂t2
t2 − ∂f0(s, t2)

∂t2

)
ds,

and

∂f2(t1, 0)

∂t1
=

∂f0(t1, 1)

∂t1
t1 −

∫ 1

0

∂f0(t1, s)

∂t1
ds

=

∫ 1

0

(
∂f0(t1, 1)

∂t1
t1 − ∂f0(t1, s)

∂t1

)
ds.

If the probability of the compromise f0 satisfies the condition in Proposition 4, then ∂f0(t1, s)/∂t1 =
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∂f0(t1, 1)/∂t1 and ∂f0(s, t2)/∂t2 = ∂f0(1, t2)/∂t2 for all s ∈ [0, 1]. Thus:

∂f1(0, t2)

∂t2
=

∫ 1

0

(
∂f0(1, t2)

∂t2
t2 − ∂f0(1, t2)

∂t2

)
ds

= −(1− t2)
∂f0(1, t2)

∂t2
≤ 0 for all t2 s.t. ∂f0(1, t2)/∂t2 exists,

and

∂f2(t1, 0)

∂t1
=

∫ 1

0

(
∂f0(t1, 1)

∂t1
t1 − ∂f0(t1, 1)

∂t1

)
ds

= −(1− t1)
∂f0(t1, 1)

∂t1
≤ 0 for all t1 s.t. ∂f0(t1, 1)/∂t1 exists.

The fact that f1(0, t2) (f2(t1, 0), resp.) is nonincreasing in t2 (t1, resp.) implies the result in

Lemma 1.

Q.E.D.

Proof of Proposition 5. Consider a dominant strategy incentive compatible and ex

post individually rational decision rule f for which the probability of the compromise f0

satisfies the condition in Proposition 4. Denote by u1(t1, t2) = f1(t1, t2) + f0(t1, t2)t1 agent

1’s expected utility from decision rule f at (t1, t2), and define agent 2’s expected utility

analogously. Individual rationality implies that:

u1(0, 1) = f1(0, 1) ≥ δ1. (A.16)

Note that u2(0, 1) = f2(0, 1) + f0(0, 1). The fact that decision rules are probability distribu-

tions allows us to express agent 2’s expected utility at (0, 1) as follows:

u2(0, 1) = f2(0, 1) + f0(0, 1) = 1− f1(0, 1).

By (A.16) we know that 1− f1(0, 1) ≤ 1− δ1, which, together with the fact that δ1 + δ2 = 1,

implies that u2(0, 1) ≤ δ2. However, as the decision rule is ex post individually rational, it
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holds that u2(0, 1) ≥ δ2. Together this implies:

u2(0, 1) = f2(0, 1) + f0(0, 1) = δ2.

Summing up the two agents’ expected utilities at (0, 1) yields:

u1(0, 1) + u2(0, 1) = f1(0, 1) + f2(0, 1) + f0(0, 1),

which is equal to one due to the fact that the components of any decision rule sum up to

one for all type-pairs. Since we know from above that u1(0, 1) = f1(0, 1) and u2(0, 1) = δ2

we obtain:

u1(0, 1) + u2(0, 1) = 1 ⇔ f1(0, 1) = δ1. (A.17)

An analogous argument establishes that agent 1’s expected utility at (1, 0) is:

u1(1, 0) = f1(1, 0) + f0(1, 0) = δ1,

and that

f2(1, 0) = δ2. (A.18)

Now recall that for any dominant strategy decision rule ui is nondecreasing in ti for any

given t−i (i = 1, 2). Thus:

δ1 = u1(1, 0) ≥ u1(t1, 0) for all t1 ∈ [0, 1].

Note, however, that individual rationality requires u1(t1, 0) ≥ δ1 for all t1 ∈ [0, 1], so that

together we obtain:

u1(t1, 0) = f1(t1, 0) + f0(t1, 0)t1 = δ1 for all t1 ∈ [0, 1]. (A.19)

This implies, in particular, that

f1(0, 0) = δ1. (A.20)
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An analogous argument establishes:

u2(0, t2) = f2(0, t2) + f0(0, t2)t2 = δ2 for all t2 ∈ [0, 1], (A.21)

and therefore

f2(0, 0) = δ2. (A.22)

From the fact that fi(0, 0) = δi (i = 1, 2) it follows immediately that f0(0, 0) = 0.

Now recall (see proof of Lemma 1) that f1(0, t2) (f2(t1, 0), resp.) is nonincreasing in t2

(t1, resp.) so that with (A.17) and (A.20) ((A.18) and (A.22), resp.) we can infer:

f1(0, t2) = δ1 for all t2 ∈ [0, 1],

f2(t1, 0) = δ2 for all t1 ∈ [0, 1].
(A.23)

Now fix a value t2 ∈ [0, 1), and recall from (A.21) and (A.23) that we have:

f1(0, t2) = δ1,

f2(0, t2) + f0(0, t2)t2 = δ2.
(A.24)

The fact that the components of a decision rule sum up to one for all type-pairs implies:

f1(0, t2) + f2(0, t2) + f0(0, t2) = 1 ⇔ f2(0, t2) + f0(0, t2) = δ2. (A.25)

Now subtract and add f0(0, t2) to the left-hand side of the expression in the second line in

(A.24). This yields:

f2(0, t2) + f0(0, t2)− f0(0, t2)(1− t2) = δ2. (A.26)

Using (A.25) we can re-write (A.26) as follows:

δ2 − f0(0, t2)(1− t2) = δ2 ⇔ −f0(0, t2)(1− t2) = 0.

This implies that f0(0, t2) = 0 for all t2 ∈ [0, 1). For t2 = 1 the probability of the compromise

f0(0, t2) can take any value in [0, δ2 − f2(0, 1)], which is due to the fact that u2(0, t2) = δ2
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for all t2 ∈ [0, 1]. An analogous argument establishes that f0(t1, 0) = 0 for all t1 ∈ [0, 1), and

that f0(1, 0) ∈ [0, δ1 − f1(1, 0)].

Now suppose that f0 is additive: f0(t1, t2) = f 1
0 (t1) + f 2

0 (t2) for all (t1, t2) ∈ [0, 1]2. Pick

any t2 ∈ [0, 1). From f0(0, t2) = 0 we obtain:

f 1
0 (0) = f 2

0 (t2) = 0 for all t2 ∈ [0, 1). (A.27)

Analogously,

f 1
0 (t1) = f 2

0 (0) = 0 for all t1 ∈ [0, 1). (A.28)

As f0(0, 1) = f 1
0 (0) + f 2

0 (1) = f 2
0 (1), it follows that f 2

0 (1) can be any number in [0, δ2 −
f2(0, 1)]. By item (ii) of Proposition 1 and (A.28) we can easily obtain that f2(0, 1) = f2(1, 1),

so that f 2
0 (1) ∈ [0, δ2− f2(1, 1)]. Analogously, we can establish that f 1

0 (1) ∈ [0, δ1− f1(1, 1)].

Q.E.D.
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